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We are happy to present this book in mechanics to our sons and daughters, the
students of the third form secondary, under the guidance of his excellency,

the minister of education,
We rearranged the chapters of the book and added some life examples.

We concentrated on the basic concepts and the mathematical skills which
help the student in solvmg problems depmdmg on the high level skills.

This boek contains two main branches:

First: Statics: which contains five chapters :
Chapter one > Friction
Chapter iwo : Moments
Chapter three : Parallel coplanar forces
Chapter four : General Equilibrium
Chapter five : Couples

Second: Dynamics : which contains four chapters:
Chapter one ; Newton's laws of motion
Chapter two : Applications on Newton's lows — motion on a rough
plane
Chapter three : Impulse and collision
Chapter four : Work — Power — Energy

At the ¢nd of the book you will find some exam models and final answers,

Committee of -
The book |
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Chapler One

Friction

Preface ;

In this chapter we will deal with friction force and its properties.

Objectives:

By the end of teaching this chapter, the student should be able to:

(1) recognize the action force and its direction and the reaction force and
its direction between two bodies in state of touch in the two cases when
[the two bodies are smooth or rough] .

(2) recognize properties of friction and limiting friction,

(3) recognize coefficient of friction and angle of friction.

(4) recognize conditions of equilibrium of a body on a rough inclined
plane.

(5) recognize the relation between the angle of friction and the angle of
inclination of a plane to the horizontal when putting a body on & rough
inclined plane,

Topics :
(1) Properties of friction force.
(2) Coefficient of friction.
(3) Angle of friction,
(4) Equilibrium of a body on a rough horizontal plane.
(5) Equilibrium of a body on a rough inclined plane.



Here we consider the phenomenon of friction and its properties. We Shall
assume that all the bodies we are dealing with behave like a particle, that is
like a mass concentrated at 1 geometrical point.

Reaction :

Newton's third law of motion is often stated as " For every action there is
a reaction equal in magnitude and opposite in direction ". That is, when a
body acts with a force (action) on another body, the latter, in turn, acts on the
first body with a force (reaction) which is equal to the first in magnitude but
opposite in direction.

For example, for a ball resting on a table, Fig. (1), the ball is acting with

a force (action) on the table, while

the table is acting with a force Ra
(reaction) on the ball whose

magnitude is represented by R

These two forces are equal in
Figure (1)
magnitude but opposite in direction,

It is important 10 notice that these two forces do nol act on the same
body. One of the force (action) is acting on the table while the other one
(reaction) is acting on the ball.

The Foree of Friction :

Consider a cube (made of wood or glass) resting on a horizontal table. If
the cube is give a push, the cube wiil come (o rest after sliding over the table
for a certain distance, during which its velocity decreases 1o zero. This

indicates the existence of a force which resists the motion of the cube on the
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Chapter One : Friction

table and brings it to a stop. This force is called (the force of friction between
the cube and the table). Friction, in general, plays an important role in our
practical life. If there was no friction, we would not be able to walk on the
ground without sliding, or a railway engine would be unable to pull a train
without the wheels sliding, . . . . ect. ..
Smooth and Rough Bodies :

The action and reaction between any two bodies, in contact with each
other, depends upon the nature of the two bodies and upon the other forces

acting on them,

Reaction

Reaction of 4mooth bodiés

A Figure (2)

For smooth bodies the reaction is normal to the common tangent plane 10
the surfaces of the two bodies in contact. On the other hand, when we try to
move rough bodies, the reaction force would have a component parallel to
the common tangent plane, which is the force of friction, as well as a
component normal to the common tangent plane, swhich is the normal
reaction. In the latter case the reaction force is known as the resultant
reaction, which is replaced in many cases by its resolved components viz: the
force of friction and the normal reaction.

Fig. (2) shows the reaction force of a table on a body resting on it.
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Chapter One : Friction
Experiment :

Lay a block of wood on a horizontal table, attach the block to a string
passing over a smooth pulley at the edge of the table, and attach a scale pan
1o the vertical loose end of the string, as in Fig, (3),

Place a suitable weight on the block, then gently put a small weight in the
scale pan. We notice that the block does not move. which implies that,
despite the existence of the tension T in the string, the frictional force acting
on the block was big enough to hold the block in place.

As we know, this tension is equal to the net weight of the scale pan and
the weights it contains.

By increasing the weights in the scale pan gradually we notice that, at a
certain value the block will start 1o move over the table. This implies that the
value of the force of friction increases gradually with the applied tension,
until it reaches a maximum or a limiting value which it does not exceed.

It is when the tension exceeds this limit that the force of friction cannot
balance it so the block begins to move.

It is found that by increasing the weights placed on the block we have to
increase the weights in the pan so that the motion of the block is about to

move.
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Chapter One : Friction

Fig. (3) shows that forces acting on the block are :

(1) The net weight of the block and the weights placed on it "W,",

(2) The tension in the string "T", which is equal to the weight of the pan and
the added weights.

(3) The force of friction F, which is parallel to the 1able surface i . e.
horizontal.

(4) The normal reaction R.

At equilibrium. the direction of the frictional force is opposite to that of
the tension, and the normal reaction is opposite 1o the weight of the block and
we have the two equalities :

R=W, . FE=T

From the previous experiment we have the following conclusions for the
properties of friction.
properties of friction :

(1) The force of friction always acts in the direction opposite to the direction
the body is tending to move.

(2) The force of friction increases with the tangential force that tends to
move the body so that the two force are equal provided that the body is
in a state of equilibrium.

(3) The magnitude of the force of friction increases up to a certain limit
‘which it does not exceed. At this value, the motion is just about to begin
and the friction is then called the limiting friction. When motion takes
place the magnitude of the force of friction is nearly equal to its
maximum value in other words during motion the friction is a limiting

friction.

m Dar Makka EI Mokarama for Printing and Publishing



Chapter One : Friction

(4) The magnitude of the limiting friction bears a constant ratio to the normal
reaction. This ratio depends on the nature of the two surfaces in contact
and is independent of their shapes and masses.

CoefTicient of Friction :

The ratio between the magnitude of the limiting friction and the
magnitude of the normal reaction is called " the coefficient of friction ".

Hence if F is the magnitude of the limiting friction, R is the magnitude

of the normal reaction and u is the coefficient of friction, we have :

i.:e. Fi= R
Which is the maximum amount attained by the force of friction,

It is important to bear in mind that this equality holds only at the
limifing friction i . e . il is only valid when motion ig about to start or when

motion is set on by action. Therefore in general we may write the inequality :

F' < R
Angle of Friction :
Let R' be the magnitude resultant normal

of the resultant reaction and
0 be the angle that it makes

with the normal reaction as

shown in Fig. (4).
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Chapter One : Friction

As the magnitude of the force of friction increases , the value of O
increases ( the normal reaction is assumed constant ) until it reaches a
maximum value when the magnitude of the force of friction assumes its
maximum value | R, i.e. when the friction is limiting. It is then that the angle
between the resultant reaction and the normal reaction is called the angle of
friction', and its measure is represented by A, see Fig. (5) then we have

mnl = %L=u resultam normal

i.e." the tangent of the
angle of friction equals the
coefticient of friction ",
Resultant reaction force:

The resultant reaction force R’ is the resultant of the friction and the

normal reaction force. Its magnitude is given by

R=VR? + P

When the [riction force is limiling we have

R'=VRZ+pR2=RV | + 2
Equilibrium of a particle on a horizontal rough plane :

Suppose a particle of weight

W is in equilibrium on a horizoutal

rough plane and acted upon by a
forcc?inclincd by an angle 8 with
the horizontal Fig. (6).

Now the particle is in equilibrium under the following forces.
(1) the weight leffh is directed vertically downwards.

(2) The given force P

Figure (6)
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Chapter One : Friction

(3) The resultant reaction due to the effect of the plane on the particle, and
this may be resolved into two components, the normat reaction R which
is directed vertically upwards and the force of friction F which is
opposite to the direction in which the particle tends to move.

Since the particle tends to move on the plane under the action of the
tangential component of P ( of magnitude P cos € ), therefore the force of
friction is directed opposite to this component as shown in Fig. (7).

By resolving the forces action on the particle into components along

and perpendicular to the plane, the equations for equilibrium are :

i
1 pano
B = P Cos O
I; bk P co: a
v’vov..v‘v’v‘j S

R+ P Sinb =W

W
Figure (7)
These two relations together determine the magnitudes of the normal reaction
and the force of friction.
- The particle will keep contact with the plane as long as :
R > 0,
i.e W > P sinb0
- If the motion is just about to take place under the action of the tangential
component of the tbrce.l;. then the friction s limiting and the above
relations are still trmewith F = p R
- If the applied force T’Lis horizontal, then we put © = 0° in the above

relations.
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Chapter One : Friction

A wooden block of weight 6 kg.wt. is placed on a horizontal table, and
is connected by a string passing over a smooth pulley at the edge, 1o a weight
of magnitude 1.5 kg.wt. which is hanging freely, Given that the block is in
equilibrium, find the force of friction and the normal reaction.

If the coefficient of friction between the block and the table is El," . state
whether or not the body is about 1o move,

Solution :

The force that tends lo

move the block on the table is

the pull of the horizontal string : .
whose magnitude is 1.5kg. w.t., w

so that the force of friction F L.Skg- wt.
acls in the opposite direction as Figure (8)

shown in Fig. (8),

Putting T = L5 kg.wt, and 6 = 07 in the previously obtained relations we

have
F =15 ¢os 0 = LSkgwt
R + L5 sin0® = 6 kgwt
~R = 6 kgwt

To find out whether or not the motion is about to start, we calculate
the limiting Ifriction whichis R .
1
MR =3 % 6 = 2 kgwt
F < n R

Therefore the friction is not limiting and the body is not about to move.
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Chapter One : Friction

Equilibrium of a body on a rough inclined plane :

Rl
R _'."
L 3

»

Consider a body in

\

equilibrium on a rough plane

inclined to the horizontal with

an angle its measure 0. The

body is in equilibrium on the Wy
plane under the action of two

Figure (9)

forces.
(1) Its weight ‘_«-\:which is acting vertically downwards, and its magnitude W
(2) The resultant reaction R' .

It follows from the condition of equilibrium that the resultant reaction
is acting vertically upwards and ;

R" = W (1)

Now the force of friction and the normal reaction may easily be found
by considering them as the components of the resultant reaction along and
normal to the inclined plans as shown in Fig. (9},

For the force of friction we have :

F+R sin@ = Wsin 6 (2)

This force is in a direction opposite 1o the direction of the possible
motion of the body i . e . is parallel to the line of greatest slope of the plane
and is directed upwards.

For the normal reaction we have :

R 4+ R ¢os 08 = W ecos 0 3)
In case the body is about to slide down we have the following rule -
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Chapter One : Friction
Rule :

If a body placed on a rough inclined plane and is about to slide down
under the action of its weight only then the measure of the angle of
inclination of the plane is equal to the angle of friction.

Proof:

Since the friction is limiting then the resultant friction makes with the
normal 1o the plane an angle equal
1o the angle of the friction
Referring to Fig. (10). we lind that ;

0 = A
Where 6  is the angle of w‘
inclination of the plane to the Figure (10)

horizontal.

This result may be expressed in terms of the coefficient of friction as :

tan 0 = | = (K = tan A

Ex nt (1):

Determination of the coefficient of friction between two contacting
surfaces, using the inclined plane.

To determine the coefficient of friction between two surfaces in
contact, using the inclined plane:
Equipme ired fi xperiment

A rough plane ~a wooden block with one face plain on the opposite
face has a rectangular hole — chabistan clamp with a pivot — a protractor —

a plumb line .
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Chapter One : Friction
Method :

1. Clamp the pivot to the stand and affix the plane to it.
2. Affix the protractor o the plane so that its straight edge is, levelled with
the edge of the plane as shown in Fig. (11).
3. Hang the plumb line from the
center of the protractor so that
the Tine is in alignment with the
midline of the protractor when
the plane is horizontal.
4. Set the plane in a horizontal

position and place the block

with its plane face resting on it,

Figure (11)
then put a suitable weight in the
hollow on the opposite face of
the block.
5. Gradually tilt the plane until the block begins to slip down with help of
slight tapping.

6. Find the angle of inclination of the plane to the horizon indicated by the
plumb line on the protractor.

7. Repeat the experiment for different weights in the hollow and each time
record the angle made by the plane to the horizon.
it will he noticed that all the recorded angles are nearly the same.

8. The angle of friction is the average value of these measurements.

9. the coefficient of friction is found by calculating the tangent of the angle

of friction.
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Chapter One : Friction

A wooden block of weight 2 kg.wi rests in equilibrium on a plane,

Example (2) :

inclined at 30° to the horizontal, under the action of a force whose magnitude
is 2.5 kg.wt and whose direction is that of the line of greatest slope upwards.
If the coeflicient of friction is 0.9, find the force of friction. State whether or
not the motion is about to begin.
The tangential forces that tend to move the block on the plane are :
(1) The tangential component of the weight which is directed downwards
along the line of greatest slope, and of magnitude given by :

W sin 30° = 2 «x 1 | kgwt

2
(2) and the given applied

force acting along the line

of greatest slope upwards .
I < Woein 30% ) kg, wi R0 |
and whose magnitude is p

2.5 kg.wt

Woe 2ke wi.

Figure (12)
The block tends to move

up the plane and along the
line of greatest slope because the second force is greater than the first
one. It follows that the force of [friction must act downwards along the
same line as shown in Fig. (11).

For equilibrium

25 = F+ 1 F= L3 kgw
also

R
R =Wecos 30° = 2x %z\fi kg.wi =1.732 kg.wi
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Chapter One : Friction

To find out whether or not the force of friction is limiting, we must
calculate its maximum possible value i . e.

WR=09x 1732 = 1.559 kg. wt.

F< uR
It follows that the Iriction is not limiting and hence the motion is not

about to begin.

Example (3) ;

A body of weight 76 Newtons is about to move under its own weight

when placed on a rough plane which is inclined to the horizontal with an
angle whose tangent is :]" if the body is placed on a horizontal plane which
15 as rough as the inclined plane and is acted oun by an upward pull ina
direction inclined to the horizontal with an angle whose sine is %so that the

body is aboul (o move.
Find the magnitude of this force and the normal reaction.
The coefficient of friction = 5

the tangent of the angle of D

inclination of the plane to the 4
- l - -
horizontal = 1 Since the body is

aboul to begin, hence the friction

5 cane . 1
is limiting and is equal to 1 R.

Figure (13)
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Chapter One : Friction

let P be the magnitude of the pull whose direction is inclined to the
horizontal at an angle 0 fig.(13). By resolving in the horizontal and vertical

directions as fig.(14) we get :
|
Pceos 8§ = 3 R
; . T (e |
1.er5-4R ..R-SP(I)
On the other hand :
R+ Psin ® = 76
R P 2 = 76
i Sk = 76N
3 Figure (14)
“R=17 - 3P (2)
Substitution from (1) in (2) given
16 3
5 P =76 - P
19
“5“ P =76 P = 20 Newtons
16

“Ri= 3 20 =64 Newtons

Example (4) :

A body of weight 40 Newtons rests on a rough plane which is inclined to
the horizontal at an angle 30", The body is pulled up by a string which makes
an angle 30° with the plane. The string lies in the vertical plane which contains

the body and the line of greatest slope. II the coefficient of [riction is % .
Prove that the least pull in the string which prevents the load from

moving down the incline is about 15.3 Newtons.
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down, the friction is limiting and acts
upwards, so the applied forces are :

(1)

(2)

(3)
(4)

Chapter One : Friction

Since the load is about to slide

The weight 40 Newtons,

vertically downwards.

The normal reaction R, perpendicular

to the plane as in Fig. (15).

Figure (15)

1
The limiting friction a R which is directed upwards.

The teasion T in the string inclined at 30° to the plane and this is the
least tension which prevents sliding.
Resolving along the plane and the perpendicular to the plane, we write

down the equilibrium equations i . e. :

i’ R+Tecos30° -40sin30°=0 (1)

R+ Tsin 30° =40 cos 30°= 0 (2)

Multiplying (1) by 4, then subtracting (2) from the resulting equation, we get:
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4T cos 30° - T sin 30° = 160 sin 30° - 40 cos 30"
T (4 xﬁg---;—)ﬂsox%.‘toxlg-

80-20+/3 4536
= 1 =2964 ~ 15.3 Newtons

2\]- )
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Chapler One : Friction

A body of weight 50 Newton is placed on a rough inclined plane and is
acted on by a force P along the line of greatest slope upwards . Given that the
body is about to move upwards when P = 30 Newtons, and it is about to
move downwards when P = 20 Newtons, Find the coefficient of friction

between the body and the plane.

r 4

Figure (16)

()] )

In Fig. (14). (First) P =30 Newtons. The motion is about to begin upwards,
the friction is limiting and acts downwards,

Resolving along the plane and the perpendicular to the plane,
the equilibrium equations are :

R=50 cos O (1)

30 = R +50 sin O (2)
where O is the angle of inclination of the plane. to the horizontal and in fig.
(16a). (Second) P = 20 Newtons . The motion is about to begin downwards,
the friction is limiting and acts upwards.

Resolving along the plane and the perpendicular to the plane,
the equation for equilibrium are :

R = 30 cos 8 (3)

20 + uR = 50 sin © (4)
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Chapter One : Friction

The sum of (2) and (4) gives :
50 = 100 sin 6 S sin 9 =% L8 =30
Substituting in (1) we get :
R =50 cos 30° = 50x3§' =25+/3 Newtons
Substituting in (2) we get
]
30 = px 2513 +50x3

L 3
L5=285u3 = W=3/F “%@

Example (6) :

When a weight W is placed on a rough plane inclined at an angle 0 to
the horizontal, it 15 found that the weight is about to slide down. Prove that
the least force along the line of greatest slope which makes the weight about
to move npwards is equal to 2 W sin 0. Prove also that the resultant reaction
15 equal to W.

Let P represents the required force. Now =1an © (1) by resolving
along the plane and the perpendicular to the plane we have, for equilibrium,
the two conditions.

R =W cos O, (2)
P=pR+Wsinb (3)
Substituting from (1), (2), (3) we get

P=tan©» W cos 0+ W sin 0

!

* Wcos 8+ Wsin Figure (17)

sin 6

T cos 0

=WsinB+Wsint=2Wsinb
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Chapter One : Friction

To find the resultant reaction, we notice that the angle of friction is equal to

the angle of inclination of the plane to the horizon i . e. A = 0. So that the
; g iy R
resultant reaction R is give by : ' 5 cos A

R = R R Weosh
TcosA  cosBO T cos®

Figure (18)

Example (7) &

A body of weight 6 Newton rests on a rough horizontal plane. Two forces
2 and 4 Newton act horizontally on the body, the angle between them being
120°. If the body is in equilibrium, prove that the angle of friction A is not less
than 30°.If A=45%and the two forces act in their previous direction and the 4
Newton. force remains constant, find the least value for the other force to move

the body and determine the direction of molion.

K

As the body is not in limiting equilibrium |
the force acting on it are ils weight W 4
vertically , down the reaction R perpendicular

/

to the plan. The two force 2 and 4 Newton, and n 5

the force of friction F acting on the horizontal ,
Figure (19)
plane perpendicular to R. Fig. (19).
The force perpendicular to the plane cancel each other
S R=W ~. R= 6 Newtons

The three force 2, 4 and F act in one plane and are in equilibrium

5 F=A[F,+F,+2F, F,cos 0
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Chapter One : Friction

-_--'\/(2')2 +(4) +2 %2 x4cos 120°

=/ +16-8 =21/3 Newton

Bul LR =F as Fis not limiting friction

.‘.],lx'632\{3 R ¥ - }3@

sotan A =tan 30° . A s not less than 30°
When the body is about 1o move :
Su=1ndS’=1, F=uR=1x=§6=6Newtons F, =4 Newlons

HSF=RR=6
L6 =4 +F;+2 x4 xF,cos 120°
S Fi-4F;—20=0
A/ 4
.'..F2=4i 1;+80 = 1\2I9_6 .'.F2=2(l+'\13‘)Nthon

As the direction is opposite 1o the expected direction of motion, then the
direction where the body is about to move is opposite to F.
i.e. inthe direction of the resultant of the two forces
Fi=4,F,=2(1 +\6) i.e. indirection inclined at
Fy, by angle & where :

Fs sin 120°
F; + F)cos 120°

2(”\/3 (1+\{\'rz{ (1[G 1A -1+3£6

L@~ 84" 44

tan P =

Dar Makka El Mokarama for Printing and Publishing



Exercises (1)

(1) A body of weight 240 kg.w is placed on a horizontal rough plane it is
required to pull it by a string which makes an angle of 30° with the
horizontal. If the coefficiemt is 0.3, calculate correct o two decimal
places, the least tension that makes the body about 10 move.

(2) A body of weight 3 Newtons is placed on a plane inclined at 30° to the

horizontal and the coefficient of friction between the weight and the plan
2
is g A 2 Newtons force is acting on the body upwards along the line of

greatest slope. Given that the body is in equilibrium, find the force of
friction and investigate whether or not the body is about to move.
(3) A body of weight 4 Newtons is placed on a plane inclined at 30° to the

horizontal and the coefficient of friction between the plane and the body

R

is 1 > Newtons force is acting on the body upwards along the line

of greatest slope. Given that the body is in equilibriuny, find the force of
[riction. Is the body about to move?
(4) A body of weight 38 Newtons is about to move under its own weight

when placed on a rough plane inclined to the horizontal at an angle

1
whose tangent is 5" If this body is placed on a horizontal plane which is
as rough as the inclined plane, and is acted on by a force inclined to the

: N .
horizontal at an angle whose sine is 5 50 that the body is about 10 move,

Find the force and the normal reaction.
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(5)

(6)

(7

(8)

A body of weight 190 Newtons rests on a plane whose inclination to the

- 5 - - - -
horizontal has a tangent equals 12° and the coefficient of [riction

1
between the body and the plane is 5 Find the least horizontal force, in

the vertical plane through the line of greatest slope, that will make the
body is about to move upwards.

A body of weight 30 Newtons is placed on a rough inclined plane. When
the plane is inclined at 30° to the horizontal, the body is about lo slide
down. If the inclination of the plane o the horizontal is increased to 60°

calculate the Jeast force acting on the body parallel to the line of greatest

sfope, such that

(a) The body is about slide down.

(b) The body about to move upwards.

A 2 kg. weight is placed on a horizontal rough plane. The plane is tilted
gradually, so the weight is about to slide down when the inclination of
the plane is 30° 1o the horizontal. Prove that the coefficient of friction is

Vel

equal to =5 IT the weight is then attached to a string which is pulled in

a direction inclined at 60° to the horizontal so that the body is about to
move upwards. Given that the string is in the vertical plane through the.
line of greatest slope. calculate the tension in the string and prove that the

. - - l
force of friction is 5 kg. wt.

A body whose weight is 20 Newton is placed on a rough plane inclined

: B oo ;
to the horizontal by an angle whose tangent is 3 If Fy is the least force if

applied along the line of greatest slope upwards, the body is about to
move downwards. F; is the least force if applied horizontally, the body is
about to move downwards. If F| = F; then find the coefficient of frication
of the rough plane and the magnitude of any of the two forces
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(9) A 130 Newtons weight is placed on a rough plane which is inclined to
<

the horizontal by an angle whose cosine is ﬁ A force is applied to the

weight parallel to the line of greatest slope vpwards. If the coefficient of

2
friction between the weight and the plane is g then find the limits

between which the applied force lies, so as to make the weight about to
move.

(10) A body whose weight is W is placed on a rough plane_it:clined at angle 0
to the horizontal and the angle of friction is A . A force F acts on the body
parallel to the plane to prevent the body from slipping.

W sin (0 - A)

cos A

Prove that F =

(11) A body whose weight is 4 kg. wi. is placed on a rough plane inclined at
an angle 30° to the horizontal, and the coefficient of friction between the

Nes

body and the plane is =5~ . Find whether the body is slipping or just

about to slip on the plane or the [riction is not a limiting. Hence. Find the
magnitude and the direction of the force of friction then.
[f a force acts parallel to the line of greatest siope of the plane, find the
magnitude and direction of this force :
a. 10 make the body about to move up the plane.
b. to make the body move down the plane.

(12) A body whose weight is W is placed on a horizontal rough plane Two
perpendicular forces F; & Fy act horizontally on the body and keep it in
equilibrium. Prove that the coeflicient of friction i between the body and

Slpl + F,

the plane is at more than W

IfTF, = %" ., m =1 and F, is increased gradually, till the body is

about to move, then find the maguitude of F, and the direction in which
the body is about to move.
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Chapler two

Moment

Preface @
In this chapter we will deal with the concept of the moment of a foree about

a point ,

Objectives:

By the end of teaching this chapter, the student should be able to:

(1) Find the moment of a force with respect o a point.

(2) Determine the angle between T and T when calculating the moment
of the force with respect to a point,

(3) Determine the magnitude and the direction of the moment of a force
with respect to a point.

(4) Calculate the moment of coplanar forces about a point in their plane.

(5) Find the sum of moments of a system of forces about any point in their
piane.

(6) Solve life problems in moment.

Topics :
(1) Scalar product of two vectors.
(2) Vector product of two vectors.
(3) The moment of a force about to a point.

(4) Moments of coplanar forces.



The effects of forces on rigid bodies is not the same as its effect
on a particle. When a force acts on a particle, it moves in the
direction of the force (unless the particle is under the effect of other
forces). But when a force acts on a rigid body (which occupies a
finite non-zero size of space) the resulting motion may be so simple
or so complicated, depending on the shape of the body and on the
point of application of the force on the rigid body.

The student can experimentally recognize different possible
motions of a rigid body under the action of a given force.

As an example if we place a
uniform rod AB on a smooth
horizontal table, and if we act on
the rod by a force at its centre C
in a direction perpendicular to AB
in the plane of the table as in Fig.

(20a) we notice that the rod
moves on the table so thai it is

always parallel to AB. Such a

motion is called "Translation {_;.

motion”. If the end B is attached
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to a hinge fixed in the table so
that the rod can rotate freely
about B, we notice that the rod
starts to rotate about B under the
effect of the force F. Such a
motion {s called “Rotational
motion”, I we now let the end B
free and place the rod on the

e

table and the force F acts as in
Fig. (20-b), we notice that the rod
acquires a2 motion which is a
mixture of translation and

rotation.

o1

Fig. (20b)

Now let us examine carefully the capability of a force for

producing a rotational motion. If we consider once more the rod AB

placed on the table with its end B fixed to the table by a hinge so that

it can rotate about B in the plane of the table. Using the hinge at B

cancels the transiational motion, and we are left with the rotational

motion about B. We notice now that when the point of application of

the force is at A, the force is more capable of rotating the rod, and

that this capability diminishes when the point of application of the
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lorce is nearer Lo B, and finally when the force acts at B, the rod does
not move at all. We notice also that when we fix the point of

application and increase the magnitude of the force, its capability for

rotating the rod increases.

It seems now that there are two factors governing the capability

ofa force for producing rotation of the rod about its end B.
1. The magnitude of the force.
2. The distance between its point of application from the hinge.

We shall define a vector quantity called MOMENT
OF A FORCE WITH RESPECT TO A POINT, which defines the
capability of a force in producing a rotation to the body on which 1t
acts.

But before we gave the precise definition to the moment of a
force we have to complete our knowledge about vector algebra by
defining two kinds of vector multiplication, which are :

Scalar product of (wo vectors
Vector product of two vectors.
The scalar product of two vectors has been discussed in the

course of analytical geometry in the first form.
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L Scalar product of two vectors :
— e — -
Let a and b be two non-zero vectors, also let a = " a || b =|| b ||
and O the smaller angle between these two vectors drawn outwords

from the same point as in figure (21).

Definition :
The scalar product of the two vectors a and b denoted by a.b
20D =  abcosd|
N.B.1: §@E=E@3 —;_..
N.B.2: 2o = Db =00 = 0 8 2
' 0= Fig. (21)

The algebraic projection (algebraic component) of a vector on

the direction of another vector :

Definition :

The algebraic projection
falgebraic component) of vector b in
the direction of vector a.
{sometimes we say the algebraic
projection of b on ;) is defined to
be the scalar quantity (b cos 6). We
notice that the algebraic projection

is positive when 8 {s an acute angle,

(Fig. 223), negative is an obtuse angle
(Fig. 22'b), and if 8 is a right angle,

L= bcosi —

then the algebraic projection is

equal to zero. Fig. (22a)
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Noticing that
;@E =a (b cos 8) = b (a cos 8)

f.e. the scalar product of two non-

zero vectors is equal to the product =

of the magnitude of one of them

times the algebraic projection of the B

other in the direction of the first. L= Boos 8 — a
 Fig. (228)

Theorem 1 :
-
For any vector a

- - 2

a@a =a

If i . j are two unit vectors in the two perpendicular direction
— —
0OX ; OY respectively then

B4 B,
=j@l =1 and ipj =0

Theorem 2: (multiplication by a constant)

-
For bwo vectors a , b

(k a)gpb = aplk B) = k (agb) where k » 0.
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Theorem 3 :
- S -
For any three vectors a . b , ¢
Y - N o == — .
fa+blgec=age +hpe (Distributivity)

S -
Remark: Ifa = (x;,.y)and b = (x,.yy), then

— .
aeb =X; X3+ Y, ¥z

Resolution of a vector into two perpendicular directions using scalar
product of two vectors :

We can resolve a vector in two perpendicular directions using
scalar product of two vectors.

As an example consider a force

-
represented by the vector F, and we

wish to resolve this veclor in the two
perpendicuiar directions —& 6—\7

A A — b
Let { , | be unit vectors along OX, F
ooy - A
OF respectively (Fig. 23), let 0 be the 4
angle between the two vectors Fand 0 i
& O - > X
b,

Fig. (23)

We know that the force ‘!? ¢an be written in the form -l; =

A -~ .~ A
(FcosB) i + (F sin e)f where ||F|| =F but Fg il = Fcos8
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-~ A
F.j =Fcos (90 - 6] = F sin 8 and thus we can write the vector ? in

the form F = (—l::o"i\) 14 ﬁ‘:@;) j\

This last relation shows that the component of the vector F in
direction of the unit vector ? is equal to [?o?]. In general if we
want to resolvé the vector F in two perpendicular directions, one of

i —
wshich is- the direction of the vector a, then the component of the

vector F in the direction of a is equal to the scalar product of F and a

unit vector in the direction of a.

-
—
But 2 unit vector in direction of a is -ﬂ—fé-"-
a

The algebraic component of vector T in direction of vector a is

o >
equal to F_ -
B |

e
Notice that the algebraic component of vector F in direction of

vector '; is equal to the algebraic projection of vector F in direction

—
of vector a .

Example (1) :

A A
Determine the algebraic component of force -I? =71 +24 j in

direction of vector 73 where A=(1,2)and B=({4, 6).
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Referring to fig. 24 .

R=1+2] B=alss] 4
=i+27, = + Y’ 7

B 6
_— - — A A W.\"I‘,'
A =08~-0A =31 +4]
|28 || =va+16 =5 %t

The algebraic component of F

e
in directiog of AB is equal to

—
Fo AP 0 -
| ABI

Fig. (24)

& 8
Bivrdj) _21+96 117 _

23.4
5 5

A A
(71+247)0

IL Vector Product of Two Vectors :
Let 2 and b be two non-zero vectors, and " 3" = a, " b ||= b and
let B be the angle between the two vectors when drawn outwards

from the same point.
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Definition : o
The vector product of the two

e o~ .
vectors a and b denoted by a xb

is defined as [a x b = {ab sin §) ¢ ¢t
N
where ¢ 1is a unit vector ':

perpendicular to the plane

A o > Dlrect!on of rotation from
containing the two vectors a 3 b. = throu gh PREESRS

~
The direction of the unit vector ¢ Is

determined according to the right Fig. (25)

hand rule which states that "If the
curved fingers of the right hand

A
c
indicates Lhe rotation of vector ;
towards b through the smaller
angle, then the thumb will indicate
the direction of 2 as in Figs. (25)
and [26).1f either & or B or both is a
zero vector, then,

ax ?n?xgagxgaz.m 8
the definition of vector product of Fig. (26)
two vectors we have the following

o
ol

two important properties. &5
1. bxa=-(axb)
This properly can be proved

easily if we notice that when we

— - o ——
determine the direction of b xa ‘y?\b‘
- e

the rotation will be from b to a
-
through the smaller angle, b * a

Fig. 27). Fig. (27)
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2. The vector product of two parallel vectos is the zero vector, If a
and b are parallel vectors, then 8 = 0 Or 180", and in both cases
sin 8 = 0. As a special case, the vector product of a vector

N R

multiplied by itself is a zero vector i.e, axa = 0.

There are also two properties to the vector product, of two

vectors which we state in the following two theorems.

Theorem 1 :
- -
For any two vectors a and b
(maxb)=(axmb)=m(axb)

where m s’ any scalar,

Proof :
If either a or b or both is a zero vector or if m = 0. the theorem
follows directly from the definition of vector product of two vectors.
If neither ; nor b is a zero vector and m » 0, there are two

cases |

Case(1): fm >0
In this case the smaller angle between m ; and -t; is the same as

the smaller angle between. a and b {Fig. 28).
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(Refer to the corresponding theorem in the case of the scalar

product of two vectors).

4 ¢ pgm¢
ma
‘/<0>\ | 0>\
) L a b
m>0
Fig. (28)

L= — ~
Therefore if a x b={absin ) ¢.
- e ~
where 8 is the angle between the vectors a and b and ¢ is a unit
R
vector perpendicular to the plane containing the two vectors a and
.
b and whose direction is determined by the right hand rule.
~= - A = =
& Mma)xb=(mabsing) ¢ =m(axb)

To prove the second part of the theorem we have

ax (mg) =-(m 3 xZ) =-m(bxa)
— —
= m(axb).
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Case(2): 1fm<0

o i
(180 -9)
/<>\ ’ '
0 e b
— -3 a
a b

Fig. (29}

S 44—
o>

In this case the smaller angle between the vectors m aand b is
(180" - 8) and the direction of rotation from m a to Bthrough the
smaller angle between them is opposite to the direction of rotation

from a to b through the smaller angle between them (Fig. 29).

i 2a)xDB lm | absin(180°-8) (- ¢ )

]

A ~
-Imlabsing¢c =miabsing) ¢

i

il & xb)
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Theorem 2 : without proof
For any three vectors a ‘ Eand 'E the distributlve property is
satisfied.
(-;;+-l;)u"(.?='§>t'<?4--bb x?.
The Geometric meaning of the magnitude of the vector prouct of two
vectors :
Consider Wwo non-zero vectors a and b and let a = " a “
b= || b ||.6 be the smaller angle between these two vectors when
drawn from the same point.
From the definition || @ x b || =a b sin 8.
We notice that this quantity is
equal to the area of the
parallelogram drawn on the two
straight portions representing the
two vectors ;. 3 as two adjacent

sides, or equal to twice the area of

the triangle in which these two

portions form two adjacent sides : '_-T

(Fig. 30). b

<+—b sin g

Fig. (30)
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The right hand system of unit
vectors !
—_— .
Let OX ., OY be two perpen,
A

dicular directions. and i. f be unit
vectors in these two directions
respectively (Fig. 31). Draw OZ
perpendicular to the plane

—— -~
containing OX , OY let k be a

unit vector in this direction. We

>N

choose the direction of -52 so that

k satisfies the right hand rule

A A
when | Is rotated towards j

through the right angle between
them at O (the smalier angle

A N
between { and J |

Referring to Fig, (31) it is clear

that
) A N\
Il x j =k
~ -~ A
also | xk =i
”~ A A
and k x{i =j
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(Notice the periodic order in the above three relations). Thus,
A A A
we say that the system of unit vectors ( 1, |, k) form a right hand
system of unit vectors, notice the order of these vectors in the
brackets and we say
A A ”~
The rotation from i to j through the smaller angle defines k
A
i

A N
The rotation from j to k through the smaller angle defines

>

The rotation from ﬁ to ? through the smaller angle defines j

Y

v

=~

_

This is denoted the periodic order.

. =
The components of the vector product (a x b) in rectangular

resolution :

-~ >
Let the two vectors a , b be written in rectungular resolution

—- A - n A
as azal/l\+a2_; . b= b;i+ byj
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Using the-above theorems and referring to Fig. (31)
?x? = (a,li\+32?) xb,?+b23\t

AA N A A A
(ayby) x (1x!)+{al by ) (4% j) + fagh,) (i)
(ayby) k + fagb) (- k)

(a; by - a, by) k

Example (2) :

Assumming that (?. ? 'k\‘) form a right hand system, find the

- A A
vector product of vector a into vector b where a=31 +4),

e

A A
b =51 +12j Find also the area of the triangle drawn on the two
straight vector portions representing these two vectors as two

adjacent sides.

Solution :

—

a x .i;=(3x 12 -4 x B) 'l?
A
= 16 k

Area of triangle = 1/2 x 16 = 8 square units.
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Exercises (2)

1. ABCD is a square, the length of whose side is 10cm. Find the

et

scalar product of the two vectors BD, BA. Caleulate also the

e —
algebraic projection of vector BD in direction of vector (8.

2. ABCD is a rectangle in which AB = 40cm, BC = 30cm. Find the

algebraic projection of vector BD in the directions of the vectors
— _—
BC and DC.

- —_— >
3.

It is required’to resolve a force F into two components F,, F,.

— . -
If F, is parallel to a given vector b, while F, is perpendicular to

>
b, prove that :

-

7, :(_bQBL b , hence find F,

-
4. Find a unit vector perpendicular to both the two vectors a =

Y. 0

and b = ?+
{Hint ; find the magnitude of the vector a x B‘)

5 F, . F,  h Fy are three force vectors which satisfy the relation

— e, — e e e e e

r,+F2+F3—O ProvethatF,ng—Fg XFQ—I‘SXFl

Interpret this result geometrically,
-

- A A A w ~
6. Ifaul5i+6].b=3i+5_'i\.c=+j.ﬁndeachofthe
a

vectors (—:;-1- -I;) % e . (-a.x _I;)O? - O(E x?) ‘ (3 x‘;) x :
— —_ . - - . - wllp
bx(axc)and a x (¢cx b).

7. Find the vector product A X B given that :
- A ~ ~
A»-S? -4 i and B=31+7 i , then find the area of the triangle
in which two adjacent sides are represented by the two directed

line segments representing A and B,
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MOMENT OF A FORCE ABOUT A POINT :
Let A be any point on the line of action of the ¥ , T the position
vector of A with respect to O: (Fig. 32).

Definition :
The moment of the force 'P)‘

with respect to or about O denoted
—_—
by M, is defined to be the vector ? ovh
- -~ . e—eta e
quantity r xFie. M, =71 = F,
- ‘ '——>.
It 1s easy to notice that M, 18 —

independent of the choice of point

A on the line of action of the force o
F Fig. (32)
Proof: Let B be any other point on the

line of action of the foce, }-T its

position vector with respect ta O

(Fig. 33).

We have

— - e —= ‘

t, *x F = (r+ AB)x F

> @ =)

-
=rx F+ AB x F

D —
AB is parallel to F, — 2

el

el
AB x F= 0O o

—T

. =
o~ ry xF=r

X Fig. (33)

Therefore the moment of the force F about O is independent of

the position of the point chosen on the line of action of the force
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when calculating the moment. From the definition it is clear that the
. L . ) -2 Y
moment of the (non-zero) force F vanishes when r = o, orif r is
-
parallel to F, f.e. if the line of action of the force passes through the

point about which we take the moment.

-3 -
The angle between r | F
A
When calculating the moment of the force F about a point, it is
very important that the student can determine the angle § between

— -
the two vectors r and F in a proper way.

i
A,{ 6 ’F
g =
o
"
.
5 R 3
0 -
g < 90 g <99'
Fig. (34-b) Fig. (34- &)

The student has to remember that to determine 6, the two

s -
vectors r and Fmust be drawn outwards from the same point.

Therefore we have to imagine that the force vector F is transferred
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parallel to itself to pass through O.
Figures (34) show two different cases to determine the angle
- . 3
between r and F.
It is easy to notice that in all cases the length of the normal from
O to the line of action of the force T is given by the relation.

p=rsinf whcrcr-:ll?l

Magnitude and direction of the moment vector of a force about a
point :
Let F = || -i? " p the length of the perpendicular from the point O
about which we calculate the moment, to the line of action of the
-
force F,
=
The magnitude of the vector moment of the force F about O is

— - —
given by the relation ll M, || =|| rx F || =r Fsin6

= Firsinb)=Fp

a | Ma| =Fp

The unit of the magnitude of moment is equal to the product of a

unit of length times the unit of magnitude of a force. The direction of

e\ ~
the vector moment M, is that of a unit vector ¢ which is
- %
perpendicular to the plane containing both the vectors r and F, its

Dar Makka El Mokarama for Printing and Publishing 49



Chapter Iwo : Moments

direction Is deiermined by the right hand rule, previously explained
when the vector r is rotated towards the vector F (after transferring

the starting point of F to O) through the smaller angle between

them. (Fig. 35).

Fig. (35)
Plane containing both Tand F

-

A
M.= (FP) ¢

Example (1) :

; andf are two unit vectors in the two perpendicular directions
ox . oY respectively. A force F = 2 ,l\- 33 acts at the point
A=(1,2).

Calculate the moment of this force about O, and find the length

of the perpendicular from O on the line of action of the force.
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r 2
Let k be a unit vector ?
A -~
perpendicular to both i and i such
A on -~
that | i . J . k ] form a right hand k 4
system of unit vectors (Fig. 36). . ?
- — A -~ i > L
Wehave r = OA =1 + 2] O\ T
X T A=(12)

ancead -~ -

oy ‘Mo =rx F Fig.(36)
A A A A .
= (i+2j)x(21-37})

— Fal
|1 %{-3)-2%x2|My=-7 %k

We can calculate the length of the perpendicular from the origin

O on the line of action of the force F

a—
" M, = Fp
—
I - " MO" = —7
F Vi2)*+ (-3)°
5
= e units of length
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MOMENT OF COPLANAR FORCES

In what foliows we shall be concerned only with a system of
coplanar forces, i.c.a system of forees whose lines of action lie In the
same plane.

In this case the calculation of the moments of these forces about
a point in its plane will be much
easier than before. Let -F be any

>
force of the system. r the

position vector of an arbitrary
point A on its line of action with

respect to the point O lying in

the place of the lorces and about

which we are taking moments,

-
F = " F" P the length of the o r

perpendicular from O on the
P =rsin g

Fig. (37)

Y
Since the two vectors F and ? lie in the plane of the forces. The

line of action of the force.

c— P -
moment vector M, = r x F will be perpendicular to this plane as in
Fig. (37), its magnitude is equal to the product of the magnitude of
the force times the length of the perpendicular from O on its line of

action. Thus in the case of a system of coplanar forces, all moment

vectors will be parallel and perpendicular to the plane of the forces.
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This enables us to use the algebraic measures of the moment vectors

instead of the moment vectors themselves.

— ~
« M, =M, ¢
, —
where M, is the algebraic measure of the moment vector M,

~
with respect to the unit vector ¢ which is perpendicular to the plane

of the forces.

Figures (38) shows the different possible cases.

P
B
ins W
M, v
— ) ) EICY S
M, in a direction opposite M, in the same direction
~N - -~
to M, c= (-Fp) ¢ asM ¢ = (Fp) ©
M,=-Fp M, = Fp
Fig. (38 b} Fig. (38a)
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E
I

Lo

- —
Mo = 0 .My« o (the ine of action of the force
passes throught Q)

Fig. (38-¢)

In what follews we are not going to mention the unit vcctor?
since we are going to deal only with the algebraic measureés of the
moment vectors, the sign of the algebraic measure M, will be defined
according to the foliowing rule.

Figs (39).
Rule :

If when looking at the plane of the forces. we find that the force
is tending to rotate the body about O in an anti-clockwise direction,
the algebraic measure of the moment vector is considered positive as
in fig. (39 a). but {f the force is tending to rotate the body about O in a
clockwise direction, the algebraic measure of the moment vector is
considered negative as in fig. (39 b), If the line of action of the force

passes through O, the algebraic measure of the moment vector is zerc

as in Gig. (39 ¢).
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line of action of the

force passes through O rotation In a clockwise
Mg =0 dirgction M = - Fp

Fig. (29 -¢) Fig. (39 - b)

The length of the perpendicular
from O to the line of acton of the

force is called the "arm of the force”

N.B.

In what follows when we

0
mention the algebraic sum of the

moments of a system of coplanar p* ?
forces about a point we mean the

algebraic sum of the algebraic rotation in an anti-
measures of the moment vectors of clockwise direction

these forces about this point taking M, =Fp

into consideration the above rule. Fig. (39 @)
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Chapter Two : Moments
Example (1) :

ABCD is a square, the length of whose side is L. Forces of
—— —
magnitudes F, 2 F, 3 F, 4 F, 8 Y2 F, units of force act along AB, BC ,

D . DA .CA respectively. Calculate the algebraic sum of the

moments of these forces about the vertex B.

Solution :

Referring to fig. (40}, we
notice that the two forces F and 2F

pass through B, and thus their

moment about B vanish. The arm 4 ©° = BJ; , "
of the force 3 F with respect to B T
is CB, this force is tending to ;| gp o
rotate about B in a clockwise F
direction, {.e. the magnitude of ‘%‘ LVZ l!
its moment about B is negative Y c oF 2 B
and equalto -3 FxBC=~-3FL,

Fig. (40)

The-arm of the force 4 F with respect to B is AB. this force
tends to rotate about B in a clockwise direction, and thus the
magnitude of its moment is equal to -4 FXAB =-4 F L.

Finally we notice that the arm of the force 8 Y2 Fis OB whose

length is 1/2 L Y2 where Ois the centre of the square, This force
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Chapter Two : Moments

tends to rotate about B in & clockwise direction, i.e. its momeént is

negative and equal to.

- 82 F)x(1/2LV2)=-8FL
.+ The algebraic sum of the moments of the forces about B
=-3FL-4FL-8FL=-15FL

Example (2) :

A B C D is a rectnagle in which AB = 6¢cm, BC = 8cm, E & BC

where BE = 3cm. Forces of magnitudes 9, 12, 15, 17, 10, 645 newtons
acted along AB, CB, B, AD, AQ and AR respéctively. Find the algebraic
sum of the moments of these forces about each of the points A B C E,

and M where M is the intersection of the diagonals.

e @
D A

In the triangle ABC : A
AB_6 3 43 «2E N
AC. 10 5 5 EC \
KE bisects BAC. oM 5
In the triangie AMN, m (N) = 90° @A y . ' lg.
% MN = AMsin MAN SN .
= S sin MAN /
= 5 sin EAB BN
= 5 X P ¥5 ¢ — E 3cm
345 @
AE = 9436 =35 cm Fig (49)
AC = BD = J36+64 = 10¢m
Ma =  12x6-15x8=72-120=-48 Ncm
Mg = -15x8+17x6+6 V5 x3sin@+ 10sinx
= -120+102+6J§x§%+10x8x;6—0-
= 120+ 102+ 12 +42=66 N.cm
Mg = 17x6-—9x8-6-/§x3—%x5=102-72-60=-30N.cm
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Chapter Two : Moments

Mg = 17 x6-15 ¥5-9 x3+10 x5 x.l%.

102 - 102 + 30 =30N.cm

1 53
M = I 7x83+ 12 x83-15 x4-9 ><4-8V5 Ho— xS x
- 2 3V5

= 51 +36-60~ 36 -30 =~ 39 N.om.

Example (3) :

A rod AB of length 100 ¢m 1s bent at its midpoint O so that AQ
is perpendicular to OB . Forces of magnitudes 10, 20, 30y3 kg wt
act A and B as shown in fig. 42 what Is the magnitude of the force F
which should act at the midpoint of OB in the shown direction so

that the algebraic sum of the moments about O may vanish ?

Solution :

The arm of the force 30 V2 kg wt. is ©OC which is the

perpendicular from O to the line of action of the force.

Fig. (42) Fro the figure. 307"
OC = 50 % — ® — 2
= J » -
va g
= 25 \/‘2_ cm. /—. C‘Q
7R
¢ > = :
\ 3
&
¥ A
9] 50 em ,
'
10
Fig, (42)
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Chapter Two : Moments

The algebraic sum of this moments about O
= ~10x850+25F~-20x50~-

B0 V2 ) 25 y2 )=0

M,=0 . 25F = 3000

3000
le, F= e = 120 kg, wt.
e 55 20 kg

Example (4) :

—

s A A B e A A
Three forces F;, =i + ) Fy =1=] ,F;=2 i-3] act at the pomnt,

A ={1 , 1), Find the moment of each force about the point B =(3 , - 1),
then caleulate the sum of these moments. Find also the resultant of

the three forces, then find {ts moment about B. What do you deduce

when comparing the results 7

Let M; , M, and M; be the moments of the three forces about

—

poimBandlet?: BA .

— - R
M|=rx Fl

A A A N

=21 +2))x(i + })
-~ N
=(—-2xl-lx2)k=-4k

A A

A A
20 +2j)x(i -}

oot - —
Mg rx F2
A

A A A
20 - §)=f - §)

I

- —
= =2 x0=0

. '} >~ — N A ~ ~
Mya=1rX%x Fa=0121 +2))x{21 -3}))

N
=2x-3-2x2}=2 k
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Chapter Two : Moments

S -— oS ~

-ﬁ——- '+r2+F3
=1 A A A A A A
R=(1 + jl+ (i -j)+21i -8}
—_— A A
R=4i -3
Moment of the resultant = ?x-ﬁ
A ~ A A
= (-2i+2))x14i-3}))
: ~
= (-2 x-3-4x2} k
”~
= -2k

Noticing that the algebraic sum of the moments of the three
forces about the point B is equal to the moment of the resultant of

these forces about the same point.

Theorem :
The algebraic sum of the moments of a system of forces acting at

a point about any point in space is equal to the moment of the

resultant of these forces about the same point.

Proof :
— . — e — ’
7 B R ) SR F, be a finite number of forces acting at

A and let O be any point in space Fig, (43),
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Chapter Two : Moments

We know that the resultant ‘!5!‘ of
this system of forces passes also
through A. To calculate the sum of

the moments of the system about O,

we have |
A
— BN —_— . 3 — - ..:.a
M, =rx F, +rx F, +rx Fy
i —
O S aaS R T el +1rx Fy
- - —
=rx (F, +F; + F3+ + Fn)
- »2 \
=rxXx R

Biit this {s the moment of the resultant ﬁ about O. since the

resultant passes through A. and this proves the theorem.

Example (5) :

— A A - A —_ A A
The forces F, =1 + j, F, =i +2j, F3 =31 - | act at the
point A = (1 , 1). Find the moment of each of these forces about the
origin, and hence find the length of the perpendicular from the

origin to the line of action of the resultant.
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Chapter Two : Moments

Let M, , M, , M, be the moments of the three forces about the

— _—
origin and let r = OA

R— - P | A A A A -—
M, =rxF;y=(i+ jJ)x{1+ ))=0
— - — A A A A
sl SZ-1%N Kk =3k
—~— - et A A A A
-~ s
=(lx(—1)—lx3)k=—4k
— -
Moment of the resultant = r xR
-~ N -
— ”~ ”~ ”~N
= O+3k-4k =—-k
A A
e xR =1
- Y. —h ——h A A
Also R =F;, +F; + F =31 +2}§

IR = Vi3iZ«2)? = yi3

Therefore the length of the perpendicular
r x R

1 A
= = unit of length
R 7 13 -,

Remarks::

1. If the sum of the moments of a system of forces about the point A
= the sum of the moments of these forces about the point B, then
the line of action of the resultant is parallel to AB.

2. If the sum of the moments of a system of coplanar forces about
the point A =- the sum of the moments of these forces about point
B then the line of action of the resultant passes through the
midpoint of AB .,
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Chapter Two : Moments

The General Theorem of Moments

“If the set of forces acting on a rigid body has a resultant, then the

algebraic sum of the moments of these forces about a certain point is

equal to the moment of the resuiltant about this point.”

Results :

1. The algebraic sum of the moments of a set of forces about a point on
the line of action of the resultant is equal to zero.

2. If the algebraic sum of a set of forces about a point vanishes, then
either the resultant equals zero or its line of action passes through
this point.

These two results have great importance in determining the line of
action of the resultant of a set of cooplanar forces,

Example (6) :

ABCD is a square of side kength 6em. Forces of magnitudes 1,
2, 3, 4 and F newtons act in 3 BC | (3 DA and .;8 respectively.

If the line of action of the resultant passes through point E € BC

where BE = lem, find F. @
| F
\ R
v
D <
542
EN=5sin45° = ;,— cm. Fig. (44) @

‘+ The line of action of the resultant passes through E . M=0

S 1lx1-3x%x5- 4x6+Fx5—f—-—-0
! 2 A 52 2 2

" =3 J§ newtons,
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Exercises (3)

In the Ibﬂowlng‘ pmblems?andfare two unit vectors at right

-angles to each other, In the two directions (Df. OY respectively,
‘while & 1sa unit vector perpendicular to both ax OYand such that
'u.J_‘. k_l:formau@thmd.aidesym of unit vectors.

‘l-f

Find the moment vector of the force F = - 1+3 § which acts
through the peint A = (1, 2) about the origin O = (0 , 0).
Calculate the length of the perpendicular from O to the line of
Find the momentof the force ¥ = 3 ?4::2::-? which acts through
the point A (2,- 1) about the point B = (1 , 2). hence calculate
the length of the perpendicular from B to the line of action of
the force.

Find the moment of the m% = 1+ | which passes through
the point A = (3., <3) about the origin, Explain the result you
The two forces F,= §4 ] Fz = mi- 2 jact at the points A, =

(2,0 Ay = (6;2) mspccﬁvely_. Flnd the value of m If the sum of

the moments about the origin vanishes.

The two forces F) =m 1+2 . F; =n 1~ Jact at the points A,

= (1,1, Ay = (-1, -2) respectively, Find the values of the
constants m, n, If the sum of their moments about each of the
origin and about the point B = (2,3) vanishes.




The forces ‘F: =2 ?- f r‘ﬁ: ="-5‘?+ 23‘ .ﬁ; = -31-’:.?4- 2‘3\.. act at
the points A = (1,1). Prove using the moments that the line of
action of the resultant is paraliel tothestralgm line passing
tbrough the two points B = (2;1‘) and C = (6,4).

ABC is an equilateral triangle, the length whose side fs 2 cm.
Forces of magnitudes 100, 200, 300 newtons act along AB, BG.
AC respectively. Find the algebraic sum of the moments of these
forces about : 15t the point of intersection of the normals to the
triangle . .

2nd the midpoint of BC,

Three forces, F; =31+12 §. % =0T+ 4 1. % =81+ 14 1.
act at the origin O = (0.0). Find the moment of each force about
the point B = (1,2), then calculate the sum of these moments.
Find also the resultant of th three forces, then find its moment
about B. What do you deduce when comparing the results ?

ABC is a triangle in which AB = 3cm, BC = 4cm, CA = 5cm,
‘Forces of magnitudes 5, 10, 15 newtons act along AB, BC, CA
respectively. Find the algebraic sum of the moments of these
forces about A, B, C.

). ABCD is a rhombus whose side is 12cm; m (£ A) = 60° Forces of
magnitudes 11, 6 . 5 . 7 newtons act along BA , BC , DC , DB

"“Pecﬁ"elj'- Find the algebraic sum of th moments of these
forces :

1st about A

2nd about the point of intersection of the diagonals.




11. ABCDEH Is a regular hexagon whose side is 10cm long. Forces 3,
4.5.6.7.8newlons act along AB , G8 , DC , DE ., EH .,
HA respectively. Find the algebraic sum of the moments of these
forces :
1st about A,
2nd about the centre of the hexagon.

. ABCis a ﬂgm-angled trhngleatB.vmereBcsscm. m{£LA) =

60" Two forces 6 . 4 newtons act along BA , CA respectively.

Find point D e BC so that the algebraic sum of the moments
aboyt D=0,

3. ABCD is a rectangle in which AB = 8cm, BC = 12cm. Forces of

— —

magnitudes 16, 14, L, N gniwt act nlongm B, CO |, AD

respectively. If the algebraic sum of the moments of these forces

about C-and alsa about the centre of the rectangle equal zero,
14. AB Is a rod of length 60cm

Forces of magnitudes 6.8, 2y2

12 kg.wt act on the rod as

shown in fig. (45) 0 is thg.

midpoint of the rod. C s a point . _

on the rod 1Sem distant from 15 —»

the end B. Find the algabmc

sum of the moments of this 12

system of forces about C.




15. ABis a rod of length 120cm and 4

neglected weight. Four forces of
‘newtons act on the rod at A, C.
D, B, respectively, where C and
D are the potnts of trisection of
AB. ‘Fig. (a6)
If all the forces are normal to the rod, and in the shown
‘directions In fig. (46) find the algebraic sum of the moments of
these forces about A and B, and O the uudpo!m of the rod.
. Campam the results you obtaqu

Aacunﬂght-mmd mamalB. = 6cm, BC = 8cm. Aioree
Foacts lnthgpl&neotthetxtmglesuchtbatMA-Me SD
‘newton ¢m, Mg = - 60 newton cm. Find F anddetermlne
action stralgm. line.

. Five forces of magnitudes 100,
200 300, -%"51 , 400 VT
newtons act in the square ABCD,
the length of whose side Is Im
‘as shown on fig, (47). Find the
algebraic sum of the moments of
these forces about the vertex C,
Whax is the force which should
act at the mldpolnt of D ina
direction perpendicular to this ¢
side so a‘.hat the algebmnsum of
the moments about C vanishes?

200 200




Chapfler three

Parallel coplanar forces

Preface :

In this chapter we will deal with parallel coplanar forces.

Objectives:

By the end of teaching this chapter, the student should be able to:

(1) Recognize the resultant of two paralle! forces.

(2) Determine the resultant of two parallel forces, its line of action and its
direction.

(3) Find the resultant of a set of parallel forces, its point of action and its
direction.

(4) Recognize the condition of equilibrium of a set of parallel coplanar
forces.

Topics :

(1) The resultant of two parallel forces having the same
direction.

(2) The resultant of two paraliel forces having opposite
direction.

(3) Moments of parallel coplanar forces.

(4) Equilibrium of parallel coplanar forces.



Parallel Coplanar Forces

We have previously studied systems of forces acting on a particle.

The lines of action of these forces meet, of course at this particle. We

have also shown that the line of action of the resultant of such
system passes through the common point of intersection of the lines

of action of the forces, i.e. it passes through the particle,

We are going now to study a system of forces acting on a rigid

body, the lines of action of which may not necessarily meet in a point.

In this chapter we are going to deal only with a system of forces

all of whose lines of action are paraliel and lie in the same plane.

which we call. “parallel coplanar forces”.

Let Fy , Fa .l . F: be a finite system of coplanar parallel

forces as in fig. (48), and let -ff be its resultant.

In what follows we are going to assume that this resultant does

not vanish, and we shall discuss how to find its magnitude, direction

and line of action.
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Chapter Three : Parallel Coplanar Forces
\‘3‘\
£
¥

We have
— —_— —_— —
R = Fl RS Ft‘.’. ............ + E‘ﬂ (l’

Fig. (48)
This relation determines the magnitude and direction of the

resultant. We notice that it is parallet to the system of forces,

Therefore, it remains how to determine the line of action of the

resultant, which we will explain later using the following theorem.

Theorem :
If ABC is a given triangle. m & n are two real numbers, then :
—_— —— -
al] mAB +n AC = (m + n) AD (2)
where D divides BC internally by the ratio n:m
—_—n ——— ————
b) mAB ~-n AC = (m —n} AE assuming m >n (3)

where E divide CB externally by the ratio m ; n from B.

A A

Fig. (49)
Proof : (Proof is not required)
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Since D divides BC internally in the ration : m.

DB n . -
—t—n— = 7n— <. m (DB) n (DC)

From this relation and from fig. (49), noticing the position of the

poiat D on CB we can write the folloiwng vector equality :

b)

m DB =-n DC mFB’+nEf=3
Using the rule of the triangle of vectors, we have
m AB + 1 AC = m (AD + DB) + n(AD + DC)

— —n ——
=(m-+n) AD + (m DB +n DC)
=m+nlﬁ+3=(m+n)ﬁ

Result : If D is the midpoim—c-ﬁ then AC + AB =2 AD
Since E divides €8 externally in the ratio m : n
EB n

e s~ m (EB) = n (EC) [notice that m>n)

From this relation and from fig. (49), noticing the position of E

on (B we can write the following vector eguality :

- s

mﬁgzn.fca +~ MEB-nEC=0
Using the rule of the triangle of vectors, we have ;
m AB -n AC = m (AE + EB) - n (AE + EC)
= (m - n) AE + (m EB -n EC)
—_— — —
={m-n) AE + O = (m - n) AE
and this proves relation (3)

Using the above theorem we can [ind the line of action of several

paralle! foces, but will consider a system of two forces only.
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Chapter Three : Parallel Coplanar Forces

Resultant of two parallel forces having the same direction® :
Consider two forces ¥, , F, meeting in a point, say A, the angle
between them is an acute angle as In fig (50-a). Let F, , F, be their

magnitudes respectively,

Let £1 = M

F, n

A
Take two points B, C on the lines
—_

of action of the forces IF, , F,
50 that AB = AC. Choose a suitabie Z
trawing scale for the magnitude £, D B
of the force so that the fo‘rce’F_T Fz J/ 3 -'?1
‘is completely reoresented by the { =3 \
directed straight segment m AB
thus the force F, will be R=F;+ F,
completely represented by the Fig. (50-a)

directed straight segment n 7\6

The resultant of the two forces

R = .F_T.,.T: will be completely represented by the sum

(m AB + n AC) and this is equal to (m + n) AD where DE BC and

divides It by the ratio n : m.

DB n Fy
l‘ o — b e, .'. - H
e o = 7 DBxF,=DCxF, (4)

*  Proof is not required.
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Now if we left the point A to move far
away from BC without limit so
that the triangle ABC remains an

isosceles triangle. The two forces

F,,F, tend to be two parallel

o>

forces, having the same direction
as in fig. (50 -b) while the point D

— F
remains in its position on EC L !

since the ratio m : n depends only ' Y

on the ratio between the Fy + Fa2 R
magnitudes of the two forces. and Fig. (50-b)
it is independent of their

directions.

~~
Let e be a unit vector in the direction of the two forces as in fig

(50-b)
o o G- -~
F]_:er. 3=er

This means that the resultant has the same direction as the two
forces, and its magnitude is equal to the sum of magnitudes of the

two forces. Summing up our results we have the following rule :
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Chapter Three : Parallel Coplanar Forces

Rule :

The resultant of two parallel forces having the same direction, is

a force in the same direction as the two forces, its magnitude is equal
to the sum of the mangnitudes of the two forces, and its line of action
divides the distance between the lines of action of the two forces in

an inverse ratio (0 their mangitudes.

Resultant of two parallel forces, having opposite directions® :

Consider two forces .F—T ?"—:
meeting at A, the angle between
them is an obtuse angle as in fig. /
(50-¢). Let F,.F; be their c

magnitudes respectively, We are

going to assume that : &
¥y
Fi_ "™ imsn)
Fa 0
Fig: (50- ¢)

PR
This means that the magnitude of F, is greater than the
—h
magnitude of F,
—-w) "‘é
Take two points B, C on the lines of action of F, . Fz sothat
AB=AC.Choose a suitable drawing scale to the magnitude of the force,
so that the force F, is completely represented by the directed

*  Proof is not required
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—— —n
strainght segment m AB, then the force F, will be completely

represented by the directed straight segment (-n KC'-‘) since the

direction of the force 'f"-; is opposite to that of Ac,

The resultant R = FT + _F—.: will be completely represented by

the sum (m Tﬁ “n TC.) and this is equal to (m-n) :‘\_E. where E is a

point on CB and divides CB externally in the ratio m : n from B.

. EB n Fa
‘oe. vt BN — O —
EC m F,

EBXxF, =ECxF,
Now is we Jet point A move far
away from BC without limit so
that the triangle ABC remains an
isosceles triangle. The two forces
T‘T ; ?: tend te be two parallel
forces, having opposite
directions {without the vanishing
of their resultant) as in fig.(50-d)
while point E remains in its
position on TE since the ratio m:n

depends only on the ratio
between the magnitudes of the

two forces. but not on their

directions.
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~N .
Let ¢ be a unit vector in the direction of the force of greater

magnitude.
— — N

N
F,=F, ¢ e

= —F,

>‘;!1‘

-§=ﬁ+F2=(F1 - Fale

This means that the resultant has the same direction as the
force of greater magnitude, and its magnitude is efjual to the
difference between the magnitudes of the two forces,

Summing up our results we have the following rule :
Rule :

The resultant of two parallel forces having opposite direction , is
a force inthe direction of the force of greater magnitude (the two
forces are to of equal magnitude), its magnitude is equal to the
difference between their magnitudes, and its line of action divides
the distance between the lnes of action of the two forces externally
from the side of the force of greater magnitude in an inverse ratio to

their magnitudes.

Moments of parallel coplanar forces:
Theorem

The sum of the moments of a finite number of parallel coplanar
force about any point in its plane is equal to the moment of the

resultant of these forces about the same point,
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Proof :

We start to prove this theroem in the special cas¢ when the
system is composed of two forces only.
1- I the two forces have the same direction :

Consider any point such as O

in the plane of the two forces.

From O draw the c¢ommon - .
R= Fl ¥ F2 =
perpendicular to the lines of action T, F
— —
of the two forces F, . F, to meet
them at B, C respectively and to
meet the line of action of the
resultantat the pointD. From < D B 0
equation {4) DB x F, = DC x Fy,, Fig. (51-a)

Since the forces are coplanar and O lies in its plane, we can use
the algebraic measure of the moment referred to a unit veetor ¢
perpendicular to the plane of the force instead of the moment vector
as previously explained. Moment of the system about O
=-F; x0B-F, x0C,
= «F,; x(OD -DB) - Fy x {OD + DC)

-(Fy + Fy) X OD + (Fy x DB - F, x DC)
= -F, + Fy) xOD
Moment of the resuitant about O,
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2- 1f the two forces have opposite directions :
Consider any point such as O

in the plane of the two forees.

From O draw the common

perpendicular to the lines of

action of te two forces to meet 2

them at B, C respectively and to

meet the line of action of the

résultant ‘at the point E say. 8 E
c

Assuming that F; > Fy. Then
relation (5) gives EB x F| = EC x
iy, Moment of the system about O F;
= F; xOB-F,; x0OC Fig. (51-b)
= F, x (OE + EB) - F; x [OE + EC)
(F, - F,) x OE

Moment of resultant about O.

]

3- If the system consists of a finite number of forces (more than 2)

whose resultant does not vanish, the theorem can be proved by

obtaining the resultant of any two forces whose resultant does not
vanish and applying the theorem in pairs and so on until we obtain the
resultant of the system.

4- The theorem fs true If the caplanar forces are not parallel.
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Example (1) :

Two parallel forees, whose magnitudes are 60 , 40 newtons, the
distance between their lines of action is 50 em. Find their resultant
in the two cases.

a.  The two forces are in the same direction.
b. The two forces are in opposite directions,

44— 50 cm———P

B A
c
-~
a Let € be a unit vector in
the direction of the two e
4
52.
forces, fig. (52-a) 40 60
v F,=60¢. F3=4oe R
-~ N
* R =100 e, R = 100 newtons Fig. (52-a)

Draw the common perpendicular to meet their lines of action at

A and B, respectively, let C € AB be a point on the line of the

resuitant.
40
v BOx AC =40xCB
v 60 x AC =40 x (50 - AC)
4 C
* 100 AC = 2000 Be-50 -+ O —>
. AC = 20 cm
~ &

b.  Let e ba a unit vector in the 50 R
directon of the force of greater
magnitude fig. (52-b}. Fig. (52-b)
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Chapter Three : Parallel Coplanar Forces

—— o — ~
F,=60¢ F,=40¢
& R =202, R=20 newtons

The line of action of the resultant passes through a peint C on
the ray BA, C ¢ BA, so that
60 x AC=40xCB
* 60 x AC = 40 x (50 4 AQ)
s 20 AC = 2000
s AC = 100 em.

. —— -—— -
Two paraliel forces F, , F,, the magnitude of the first s 100
newtons, the magnitude of their resultant 150 newtons, the distance
between the line of action of the first force and the resultant is 75

em. Find the magnitude and direction of the second force -l:": in the

two cases :

- o~

a) F, and R in the same direction.

b) -F_T and R in opposite directions,

B (e A
<+ 75M-p

Solution

a) Draw the common perpendicular

5

—_

to the line of actionof F and R to F2 100

R
meel them at A and C respectively, and Fig. (53-a)
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Chopler Ihree - Parallel Coplanar Forces

let © be a unit vector in the direction of the resultant fig. (53-a).
— e T
. F, =100¢,. R =150 ¢
p— - ™ —= ”~
& Fp=R-F =580¢
L.e. the force -f"_; is in the direction of the first and of magnitude
50 newtons, [ts line of action passes through a point B on
AC.B# AC so that
100 x AC = 50 xCB

100 x 75 = 50 x CB 08
T S .
b) If the resultant and the known c ‘—375 R e———
force F: are in opposite directions, i
let 2 be a unit vector in the
direction of the resultant fig. (53-b). R E,
. F,=-100e, R=150 e Fig. (53-b)

— — — ~
o F,=R-F, =250¢
; = . a—
The force F, is in a direction opposite to that of F, and of

magnitude 250 newtons. Its line of action passes through a point B €

AC so that

_ 100 % 75

1 75. =
00 x 75 = 250 x BC BC 550

= 30cm

Example (3) :

Find the resultant of four parallel forces, in the same direction

and of magnitudes 3, 4, 1, 2, kg. wt acting at the point A, B, C, and D
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respectively which line on the same straight line perpendicular to
the direction of the forces, given that AB = BC = 100¢m,

CD = 150c¢m.

Solution

-~
Let ¢ be a unit vector in the

—I100em
direction of the forces, 2s In: fig: Ae100cm=>B O CelS0cnaD
(54), i
— ~ N -~ ~ ”~
R=8e+4e+1e+2e=10c¢
&~ R=10 kg, wt. e
» The resultant is in the same 3 4 R 1 2
direction as the forces, and of
Fig. (54)

magnitde 10 kg. wt,
The line of action of the resultant passes through a point O
determined as follows :
The algebraic measure of the maoment of the resultant about

A = The sum of the algebraic measures of the moments of the
forces about A,

M=-4x100-1x200-2x 350 =- 1300 kg.wt.cm

i.e, the resultant tends to rotate about A in a clockwise direction
which means that the peint O lies on the ray AB.

S M=-RxA0
Comparing the Iast two refations

BIRHY 130cm.

-R x AO = -1300 L A0 =

* O isat a distance of 130 from A.
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Exercises (4)

'l-?—: . F; are two parallel forces acting at the points A, B. F, = 40
newtons, F, = 70 newtons, AB = 50cm. Find the resultant of
T:-T . T'_: If:

1st they the same direction

2nd they have the opposite directions.
TTT ' F; are two parallel forces having the same direction. the
distance between their lines of action is 20cm. If the magnitude
of their resultant is 50 N. and its line of action is distant 4cm
from F: find the magnitudes of the two forces.
The magnitude of the resultant of two parallel forces is 250
newtons while the magnitude of one of the forces is 150
newtons and acts at a distance of 40cm, from the resultant. Find

the magnitude of the second force. and the distance between the

line of action of the two forces if the known force and the

resultant;
i. have the same direction
ii, have two opposite directions.

The magnitude of the resultant of two paralle! forces is 350
newtons while the magnitude of one of the forces is 500

newtons and acts at a distance of 5lcm from the resultant. Find
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the second force and the distance between the lines of action of
the two forces.if the known force and the resultant;

I, have the same direction.

i, have opposite directions,

The magnitude or the smaller one of two parallel forces is 30
newtons acts at the end A of a light rod AB, while the larger one
acts at the other end B. If the magnitude of their resultant is 10
newtons and Its line of action {s at a distance of 80 cm from the
end B, what is the length of the rod?

Two parallel forces, in the same direction, of magnitudes F and
2 F act at the points A, B respectively. If the force F moves
parallel to itself a distance x on the ray BA, prove that the

resultant of the two forces moves a distance -%- x In the same

direction.

Three equal and parallel forces, in the same direction act at the
vertices A, B, C of a triangle ABC. Prove that their resultant
passes through the point of intersection of the medians of the
triangle.

Four equal and parallel forces, in the same direction act at the
vertices A, B, C, D, of a square ABCD. Prove that their resultant
passes through the point of intersection of its diagonals.

The points A, B, C, D, E, lie on the same straight line so that AB
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= 4cm, BC = 6em, CD = 8cm, DE = I0cm. Five forces of
magnitudes 60, 30, 50, 80, 40, kg. wt act at the points A, B, C,
D, E, respectively and in a direction perpendiculat to KE S0
that the first three forces are in the same direction and the last
two forces in the opposite direction. Find the resultant of the
system of forces.

10. A. B. C. . arc four points on a straight line such that AB = 32
em. BC = 40 ¢m, CD = 8 em. Four forces 8, 10, 7, 3, newtons act
at the points A, C, B, D respectively so that the first two forces
are in the same direction Find the resultant of the system of
these forces and the distance between its point of intersection
with AD and point A,

11. Five parallel like forces 4. 6, 2, 8, 10, newtons act at A, B, C, D,
E, which are on a straight line perpendicular to the direction of
forces. Find the point of application of resultant if AB = CD =
60cm. BC = 2 DE = 90cm.

12. A, B, C, D, H are five points on one straight line where 5 AB =
3 BC = CD = 6 DH = 30cm. Four paralle! forces 8, 12, 16, F
newtons act at A, C, H, D, respectively in a directio
perpendicular to the straight line AH . 80 that the three forces
are in the same direction and the force F in the opposite

direction. Find F if the resultant of the system of forces pases

through B.
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Chapter Three :Parallel Coplanar Forces

EQUILIBRIUM OF FORCES

In this article we are going to study the equilibrium of a rigid

body under the action of a number (more than three) of coplanar

parallel forces. In this case we say that the system of forces is in

equilibrium,

Experiment :

Equilibrium of a rigid body under the action of many parallel
forees.

The alm of the experiment is to verify that if a rigid body is In
equilibrium under the action of a system of parallel copianar forces
{(whose number is more than three), then :

1. The sum of the algebraic measures of these [orces is zero.
2. The sum of the algebraic measures of the moments of these

forces about an point In its plane is zero.

Apparatus :
Consists of a light graduated ruler, two capstan holders. Two

apring halances, weights and strings.

1. Fix the two springs, each In a holder then suspend the reuler by
means of sirings until the balances and strings become vertical
as in fig. (55).

2. Suspend a number of suitable weights in the ruler by means of

the strings and adjust the pesitions and magnitudes of the
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Chopler Ihree - Parallel Coplanar Forces

weights until the ruler is in equilibrium in a horizontal position.
Let the magnitudes of the weights be W, , W, , Wy, .... W, (the

direction of these forces is vertically downwards).

E p

@ Y o

3. Record the readings of the balances to find the tensions, let

their magnitudes be T; T, (These two forces act vertical

upwards, we find that T, 4 T, =W, + W, ...... + Wi,

4, Measure the distances of the points of supension of the weights
from a point on the ruler (say the midpoint of the ruler).

5. Calculate the algebraic sum of the moments of all forces : W, Wy,
e s Wgy o Ty Ty acting on the ruler about the chosen point, we
find that it is equal to zero.

6. Repeat the experiment several times, changing the weights and

their points of suspension.

In every case we get the following result-:
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If a body is in equilibrium under the action of a system of parallel

coplanar forces, then :

1. the sum of the algebraic measures of these forces is zero.

2. the sum of the algebraic measures of the moments of these

forces about any point in its plane is zero,

From this experiment we can formulate the folloiwng rule |
Rule:

If a rigid body is in equilibrium under the action of a system of

parallel coplanar forces, then :
1. the sum of the algebraic measures to these forces (with respect to
a parallel unit vector) is equal to zero.

2. the sum of the algebraic measures of the moments of these forces

about any point in its plane is equal to zero.

Example (1) :

A uniform rod of length 1m and whose weight is 50 N. (acting at
its midpoint) is suspended from its ends by two, vertical strings and
carries two weights, one of which is 15 newtons, from a point distant
20cm from one end and the other 20 newtons at a point 30cm

distant from the other end. Find the tension in each string.
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B30 cm 320 cm ™A

20 50 15

Fig. (56)

The rod Is In equilibrium under the action of five forces which
R’ oty ol
are. the tension T, al the end A, the tension T, at the end B, the

weight of the rod act at its midpoint, the two weights 15 and 20

newtons,

The sum of the algebraic measures of the forces is zero.

T, + Ty - 15-50-20=0.

T, + Tp = 85 newtons, {1)

By taking moments about A, the sum of the algebraic measures of
the moments is equal to zéro.

15 % 20 + 50 x 50 + 20 x 70 - Ty x 100 = 0.

Le. 300 + 2500 + 1400 = 1007,

T4 = 42 newtons:
From (1) T, =85-T,

= 43 newtons
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Example (2) :

AD is a uniform rod of length 90cm and whose weight is 60

newtons (acting at its midpomnt) is suspended in a horizontal position

b two verlical strings at #s ends A, B, where a weight of 150 newtons

may be suspended in order that the tension at A be twice the tension

at B,
AT ? 2T
—— 45um > 450M c———p
B <+— Xcnm— 5
v
60 150
Fig. (57}

Let the 150 N. weight be suspended from a point distant x ¢m
from A, let the tension at B be T, t.e. the tension at A is equal to 2 T.
The sum of algebraic measure of the forces = 0.
S 2T+ T- 150- 60 = 0.
3T=210 ~ T = 70 newtons,
Taking moments about A
150 x % + B0 x 45 - T x 90 = 0.
150 X + 2700 - 6300 = 0.
150 x = 3600 SHooxX =24cm
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Example (3) :

AB is a rod of length 150 em and weight 140 N (acting at its
midpoint). The rod rests in a horizontal position on two supporis one
of them at A and the other at a point C 25 cm distant from B. Find
the pressure on each support, find also the least weight that can be
suspended at B in order that the pressure of the rod on the support

at A vanishes: What is the value of the pressure on the support at C at
this instant ?

Ry R

C
B 25cm A\ 4—50 cm—» l 75 cn——»

140

Fig. (58)

Let R; . R; be the reactions of the supports at A and C respectivel
fig, (58) Conditions of equilibrium : The sum of the algebraic

measures of the forces = 0.
A Ry + Ry = 140 newtons.

The sum of the algebraic measures of the moments of the forces

about C =0,

e R' x 125 — 140 xso = o.
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56 newtons

2
Il

= pressue at A
and Ry = 140 - R, = 84 newtons.
= pressure al C.

Now let us suspend a weight W from the end B so that the
pressure of the rod on the support at A vanishes. At this instant the
end A is aboul te leave the support, and thus we put R, = 0.

Referring to  fig. (59) and
equating the sum of the algebraic
measures of the moments of the
forces about C to zero, we find that
~140 x50+ Wx25=0

s W = 280 newtons.

c
Let R be the reaction of the B[ 0 "o "m0

support at C on the rod.

S R=1404+W w 130
= 140 + 280 = 420 newtons

Fig. (59)
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Exercises (5)

An iron beam of length 30cm whose weight is 20 newtons
(acting at its midpoint) rests in a horizontal position on two
supports, one of them at one end and the other at a distance of
10cm from the other end. Find the reaction of each of the two
supports on the beam,

A beam of negligible weight and of length 120cm rests in a
horizontal position on two supports at its two ends. At what
point of the beam a weight of 12 kg. wt should be suspended so
that the reaction al one end may be twice the reaction at the
other end ?

An iron beam of length 50cm whose weight is 75 newtons
tacting at its midpoint) rests in a horizontal position on two
supports, the distance between them is 24cm. If the pressure on
one of the supports is twice the other., find the distance
between each support and the end of the beam near to it.

A rod of length 120cm and of negligible weight is suspended in a
horizontal position by means of two vertical strings at its ends.
Two weights of magnitudes 5 and 8 newtoons are suspended at
its points of triscctions. find the tension in each string.

A rod of length 90cm, and of negligible weight rests in a
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9.

horizontal positon on two supports at its points of trisections.
Two weights of magnitudes 20 and 30 newtons are suspended
from its ends. Find the pressure on each support.

AB is a ruler of length 50 cm and of weight 500 gm.wt (acting at
its midpoint) is suspended in a horizontal position by means of
two vertical strings at its ends weights are suspended one of
weight 1.5 kg, wt at a point 10cm distant from A, the other of
weight 2 kg. wt at a point 15cm distant from B. Find the tension
in vich string.

AB is a uniform rod of length BOcm and weight 4 kg.wt acting at
its midpoint rests in a horizontal position on two supports, one
of them is at a point 10cm distant from A, and the second at a

distance of 20cm from B. Two weights of magnitudes 3 and 5 kg.
wt are suspended from the rod at points 20cm distant from A,

30 cm from B respectively. Find the pressure on each support.
AB 15 a ruler of length 90cm and weight 6 newtons acting at its
midpoint, is suspended In a horizontal position by means of two
verlical strings at its ends. Where should a weight of magnitude
15 newlons be suspended in order that the tension in one of the
strings is twice that in the other string ?

A is a rod of length 100 em and weight 10 newtons acling al its

midpoint rests in a horizontal position on two supports one of
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10.

11.

12,
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them at A and the other at a point 25 cm distant from B. What is
the magnitude of the weight that should be suspended from the
end B of the rod so that the reaction on the support nearer to
this end will be six times its value at A, what is the value of the
reactions then ?

AB is a rod of length 80 cm and weight 35 newtons, acting at its
midpoint, rests in a horizontal position on two supports at its
ends, and carries a weight 5 newtons at a point 20 cm distant
from B. At what point of the rod should a weight of magnitude 20
newtons be suspended in order that the reaction at B be twice
its value at A? What are the magnitudes of the reactions then ?
AB is a rod of length 50cm and weight 10 newtons, acting at its
midpoint, rests In a horizontal position on two supports one of
them at a point 15 em from A, and the other at a point 10 cm
distant from B. Find the pressure on each support, What is the
magnitude of the weight that should be suspended from the end
B, so that the rod is on the point of rotation, and what is the
value of the pressure on the support at this instant ?

AB is a rod of length 90 cm, and weight 50 newtons, acting at its
midpoint, rests in a horizontal position on two supports, one of

them at the end A and the other at a point 15 cm from B, Find

the magnitude of the pressure on each support. Find also the



13.

magnitude of the weight that should.be suspended from the end
B so that the rod is about to rotate. What is the magnitude of the
pressure on the support at this instant ?

AB is a rod of length 120 cm and of weight 60 newtons, acting at
its midpoint, rests in a horizontal position on & support at B, and
is kept in equilibrfum by means of a string attached to a point of
the rod 10 cm distant from the endl A, and carrles a weight of
magnitude 20 newtons at a point 20 cm from A. Find the
tenston in the string and the pressure on the support. What is
the magnitude of the weight that should be suspended from A in
order that the rod is about to separate [rom the support, and

what {s the magnitude of the tension in the string at this

instant ?

14. AB 1s a uniform rod of length 120 ¢m and whose weight is 600

15.

gm.wt, The rod rests in a horizontal position on two supports
C.D the distance between them is 60 cm such that AC = 25cm. A
weight is hanged at H such that AH = 30cm. Find :

%" the magnitude of each of the reactions at C , D if the weight
at H = 200 gm.wt.

2% the weight at H if the reaction at C is twice the reaction at D.
A heavy uniform rod of length 140 cm is suspended by two

vertical strings one of them at B, the other is 40 ecm from A. If
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the tension in the string at B equal 1/4 the tension in the other
string, find where act the weight of the rod and If the greatest
weight suspended from A equals 12 newtons, find the weight of
the rod.

16. AB is a nonuniform rod of length 120cm rests in a horizontal
position on a support at a point 30 ¢m from A carrying two
weights of magnitudes 1 newton at B and 16 newtons at A, If the
weight at A becomes 8 newtons the support will be at a point
40cm from A, find the weight of the rod and its point of

application.

17. AB is a rod of length Im and of weight 700gm.wt. (acts at
its mid-point) rests on a support at B. The rod is kept horizontally
in equilibrium by means of a string attached to a point of the rod
30cm distant from A. The rod carries a weight of magnitude
350gm.wt. suspended at a point 10cm from A. Find the tension in
the string and the pressure on the support. What is the

magnitude of the weight that should be suspended from A in

order that the rod is about to separate from the support, and

what is the magnitude of the tension in the string at this instant.
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Chapier Four

General Equilibrium

Preface :
In this chapter we will deal with equilibrium of body under the action
of set of forces.

Objectives:

By the end of this chapter, the student should be able to:

(1) Recognize when a set of coplanar forces are in equilibrium.

(2) Recognizethesufficientand necessary conditions of theequilibrium
of a set of coplanar forces.

(3) Recognize the direction of the reaction of a hinge connected to
one of the ends of a rod.

(4) Solve problems including equilibrium of a rod or a ladder rests on
a horizontal ground and a vertical well.

(5) Recognize the magnitude of the least horizontal force that can be
applied at the lower end of a rod rests on a rough horizontal ground
that make the rod about to move towards the wall or away of it.

‘Subjects:
(1) Equilibrium of a body under a set of coplanar forces.
(2) The necessary and sufficient conditions of equilibrium
of a set of coplanar forces.
(3) Equilibrium of rod or ladder on a rough horizontal
ground and a smooth wall or a rough horizontal ground
and a rough vertical wall.



General Equilibrium

Definition :

A sel of coplanar forces is said to be in " equilibrium " if both the vector
sum of the forces and the vector sum of the moments of the forces about any
point vanish. Also when a body is acted on by such a set of coplanar forces,
the body is said to be in equilibrium.

Theorem :

If the vector sum of a set of forces and the vector moment of forces

about one point vanish, the set of force is in equilibrium

Proof :

Suppose that the vector sum of the moments of the force about a point (0)

vanishes.

Since the vector sum of the set of forces vanishes ( i . c-Rh=_0h). it
follows from a previous theorem that the vector sum of the moments of the
forces about u point does not alter from cne point to another. Now if the
vector sum of the moments of the forces about one point (o} vanishes, so it

does. about any point. Therefore. the set is in equilibrium.

According to this theorem, the conditions under which a sel of forces is

in equilibrium may by formulated as follows
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and en itions _for the cqu a
coplanar forces:
For a set of coplanar forces to be in equilibrium it is necessary and

sulficient that
|. the vector sum of the forces vanishes,

2. the vector sum of the moments of the forces about one point vanishes.

These conditions for —NT‘
the equilibrium of a set of —
coplanar forces may be / b ®

expressed in a form which is

Figure (60)
more suitable for application.

Bearing in mind that we are only dealing with a set of coplanar forces
and the points about which the moments are refered to lie in the plane of the
forces, we conclude that :

-
¢ The vector sum of the forces R must lie in the plane of the forces.

e and the vector sum of the moments of the forces about any point in the
plane of the forces, M, must be normal to this plane, as shown in Fig, (50).

‘_L—L -

N'ow introduce the right-handed set of unit vectorsi , j . k such that i
and j lle in the plane of the forces. Thus K is along the normal to this plane.

i L e
Itis now obvious that M is parallel to K, while R may be resolved into

—— wchis

components along i and j see Fig. (61). =
L . . . aM
SR=X 0+ Y j L 5 .
- . /_h >

M=M &k W
Figure (61)
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Where :
X = the algebraic sum of the components of the forces
in direction of ‘:
Y = the algebraic sum of the components of the forces
{1 direE DN OF § .
and
M = the algebraic sum of the moments of the forces
relative to-l?.
We notice that if ;
X=Y=M=0,
then
e A%
R=0 and M=0

Since the directions of i and j may be chosen in many different
ways in the plane of the forces. then we are lead to the following
equivalent formulation for the conditions of equilibrium of a set of

coplanar forces:

For a set of coplanar forces to be in equilibﬁum it is necessary
-and sufficient that ;

1. the algebraic sum of the components of the forces in any two
orthogonal directions in the plane of the forces must be zéro.

2. The algebraic sum of the moments of all the forces about

ote point in the plane of forces must be zero.
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In mathematical forms, these conditions are

%X = B 4
Y = 0 .,
M = 0

Note :

The necessary and sufficient conditions are still true when the two unit
—t— —t—

vectors i and | are not parallel ( and not necessarily perpendicular ).

Example (1) :

A uniform rod of weight 2 kg.wt. and is 100 cm. long. One of
its ends is attached to a hinge fixed in a vertical wall. A weight of 2
kg.wt, is suspended at a point of the rod 75 ¢m. from the hinge. The
rod is kept horizontally by means of a string attached in the other end
and a point on the wall vertically above the hinge. If the string is
inclined to the horizontal by an angle 60°, find the tension and the

reaction of the hinge.

Fig. (62)shows the equilibrium of the rod i a horizontal

position under the following tour forces :
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1. the 2 kg. wt. of the rod directed
vertically downwards and
because of uniformity it acts at

the midpoint of the rod.

2. The 2 kg:. wt, acting vertically
downwards at a point on the rod
75 em. from the hinge.

Figure (62)
3. The tension, T, in the string which is acting at the end B and

havine a line of action inclined at 60° 1o the horizontal.
g

4. The reaction at the hinge, which is acting at the end A which have
two components X, Y.

For the resolution of the forces we choose the two orthogonal

directions A_): and A—y. as shown in Fig. (62).and suppose the

components ol the reaction in these directions are ( x; . v ). Now we

write the conditions for the equilibrium of the rod.

- The vanishing of the algebraic sum of the forces in the direction
—_—

of AX i.e
X, =Teos60® =0 (1)

- The vanishing of the algebraic sum of the forces in the direction
—
of Ay 1i.e

yi+T sin60° -2-2=0 (2)
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= The vanishing of the algebraic sum of the moments of forces
about a point, A , say ,i.¢.
T x AD 2x50-2275=0 (3)

Where A D is the length of the perpendicular from A on B C
AD=ABsin60° =100 uﬂ- 5043 cm
Substituting in (3) we get.
T#504f3 -2%50-2%x75=0
From which

Tz:%' Kg wt

Using this value in (1) and (2) we have :
X = T cos 60°

) - ——
_vj"x _m £,
yy= 4 - T sin 60°
4 T £’=‘;— -wi

to evaluate the magnitude and LN

1 |

direction of the reaction at the
hings. let R be the magnitude

of the reaction whose line of

action is inchined with an 0
PO A >X

angle 0 to AX see Fig.(63),

Figure (63)
then we have :
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| 32 13
=3 3 =\[7 kg, wt
3
tan 0 = )-'- = 2 = :bsﬁ’—
X, :

Example (2) @

A uniform ladder of weight 10 Kg. wt resis with its lower end A on a
smooth horizontal ground and its upper end B against a smooth vertical wall.
The ladder is being kept in a vertical plane and inclined at 45° (o the ground
by joining the lower end A by a string to the intersection point of the wall
and the ground. If a man of weight 80 kg. ascends the ladder, lind the tension
of the string when the man has ascended three-quarters of the length of the
ladder. Find also the maximum allowable tension given that the string was

about to break when the man reached the top of the ladder.

:
n

We notice that, because of
uniformity, the weight of the ladder

acts at its mid point.

Let L. be the length of the ladder, R;
be the ground reaction at A and R; be o
the wall reaction at B, Consider the
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vertical plane in which the ladder rests and take the orthogonal directions—OTx.
—
and O y in it, see Fig.(64), where O is a point on the ground vertically below B.

Suppose the man has ascended a distance X on the ladder. Resolving
the forces in the O X direction we have -
R;~=T =0
T=R; (1)
By taking moments about A we get

| | | 1
.szvai' +le'2'Lx%' +80><V‘E' =x=0

o 5+30x% 2)

and on using (1), we have

T =5 +s_ox{-'
From this result, we notice that. the tension increases with X 1 . e.
with the distance ascended by the man on the Iadder.

When the man ascends three quarters of the length of the ladder then:

1

A _
L 4
Hence :

T=5+soxf} = 65 ke wt

To lind the maximum allowable tension in the string we consider the
case where the man is at the top of the ladder i, e.

X

2 = 1

L
For this value we have

T = 5+80 x 1=85 kg.wt.
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A uniform rod, of weight W, rests in a vertical plane with one end
against a smooth wall and the other end on a rough horizontal floor such that
the rod is in a vertical plane perpendicular to the floor. If the inclination of

the rod to the floor is 45°, prove that the coeflicient of friction between the

_ 1
rod and the floor cannot have a value less than 5.

If the coefficient of friction is equal to ‘3‘ find the horizontal force

acting at the lower end of the rod so that the rod is about 10 move.
(1) towards the wall.

(ii ) away from the wall.

Let L. be the length of the rod
AB, R; be the reaction of the wall at
the end A, R; be the normal reaction
of the floor at the end B and F be
the force of friction at B. Consider

the vertical plane in which the rod

rests and take the orthogonal
— v
directions C X, Cy W
Figure (65)
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as shown in Fig. (63), where C is a point on the floor directly below A. It is
obvious that if the motion occures , the end B will move away from the wall
and hence the force of friction is directed towards the wall.

) —
By resolving the forces in the direction C X we get

R1 -F =0
F = R; (l)
—
By resolving the forces in the direction C Y, we get
R~z -W= 0
Ry=W (2)

Taking the moments aboul the end B we have

-R;XV% + Wxﬁz“ =10

W |
R;= 9 (3)
From (1) and (3) it follows.lha; -
W
=9 (4)
Now let i be the coefficient of friction, we know that
F=puRk
Substitution of F and R in this inequality gives '
W
3 = uWwW
I
w =3

_ , 3 .
Let us now assume that W =7, and consider :
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Case (i) : the rod is about to move towards the wall

The lower end of the rod is
about to move towards the wall, let
F, be the magnitude of the required
applied force, which is directed
towards the wall, see Fig. ( 66 ).

Hence the force of friction is C TR E R Py ' &x
. =
Figure (66) *

directed away from the wall and has a magnitude of '3' R; (a limiting friction)

o
Resolution of the forces along C X given :

F)"Fi +R1=0

%RQ-F]'.' R|=0 (5)

—’

By resolving the forces along C Y @ by taking the moments of the
forces about B, we obtain equations (2) and (3) as above. Then using the
values of R, and R; from (2) and (3) in equation (5) we have
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Case (i) : the rod is about to move away of the wall

The lower end is
about to slip away from
the wall, Let F; be the
required applied force,
which is directed away
from wall as in Fig. (67).
Hence the force of

friction is  directed

lowards the wall and is

equal to %Rz
, —
Resolution of the forces in the direction C X gives
Fs - F 4+ Ry =0
3
Fz - I Rz + R; =5
Equations (2) and (3) are still applied here so that .

: 1
F; = %W + 5 =0 = F::Zw
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Example (4) :

A uniform ladder is in equilibrium in a vertical plane resting against a
vertical wall and a horizontal floor. If the measure of the angle of friction
between the ladder and each of the wall the {loor is A, then prove thal the

measure of the augle of inclination of the ladder to the vertical when the

friction is limiting is O =2 A

Solution ;
Let the weight of the ladder be W, L

its length and 6 is the angle measure with

the vertical :

R, the normal reaction at A

R, the normal reaction at B

1 the coefficient of friction with
both the wall and the floor. Since

probable slide, is away of the wall then .

A 1s moving away of wall , |
: Figure (68)

B moving down towards the floor.

Therefore * limiting [riction at A is directed towards the wall C its value PR,

limiting friction that at B is directed away of the floor and its value jL R, Fig. (68))
—
In the vertical plane : take CA , CB as axes, where C the interaction of

the wall of the floor,
-

Resolving in direction CA we get :
Ri-BR; =0 (1)

—
Resolving in direction CB we get
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Ri+uR;—W=o (2)

From (1), (2)
WR +R =W Ri( 1+ =W  (3)
|
1+’
\ W
. R f | o —
ST

Take moment around B, we get :
SRyxLsinO-uRixLcos@-W x.la" sinf=0
Dividingby Lsin0 , we get:
R,(l-ucote)=“;y‘ (4)

Dividing (3) by (4). we get :
A o S

I-peot® ~ 21

Bul 1 = tan A, where A is the angle of friction, hence
| - tan” A

cot = Pk = cot 2\

w O=2A
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(1)

(2)

(3)

(4)

Exerclses (6)

A uniform ladder of weight W rests at an angle 45° to the horizontal

with its ends resting on a smooth floor and against a smooth vertical

wall, the lower end being joined by a string to the junction of the floor

and the wall. Find the tension of the string and the reactions at the wall

and the floor, when a man, whose weight is that of the ladder, has

ascended three quarters of the ladder's length,

A ladder A B of weight 20 kg. rests at an angle 45° to the horizontal

with its ends resting on a smooth floor and against a vertical wall, the

lower end A being joined by a string 10 the junction of the floor end the

wall. The string cannot stand a tension of more than 50 kg. wt. without

breaking. A man of weight 60 kg. wt. ascended quarters of the length of
the ladder and founded that the string is about to break. Find at what

point of the ladder its weight acts.

A uniform ladder AB of weight 20 kg.wt rests at an angle 45% to the

horizontal, with its ends resting on a smooth floor and against a smooth

vertical wall. The lower end A is attached by a string to the junction of
the wall and the floor. Given that the string can withstand a tension of
not more than 25 kg. wi. | prove that a man of the same weight as the

ladder cannot ascend more than three-quarters of the length of the

ladder without breaking the string.

A ladder A B of weight 35 kg .wt and length 3m. rests in a vertical plane

with the end B on a smooth floor and A against a smooth vertical wall.

The lower end B is atiached by a'string to a point on the floor vertically

below A. Given that B is 1.8 m. away from the wall and the weight of
the ladder is acting at a point on the ladder 1.2 m. away from B, find the

tension in the string. Also find the teasion in the string when a man of
weight 80 kg. stands at the mid-point of the ladder.
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(5)

(6)

(7)

(8)

9)

(10)

A uniform bar A B, hinged at A to a vertical wall, weighs 4 Newtons,
and is 120 em. long. A weight of 3 Newtons is hung from a point on the
bar 80cm. From A and the bar is kept horizontal by a string attached
with one end to B and is fixed to the wall 160 cm. above A. Find the
tension of the string and the reaction at the hinge

A uniform rod, hinged at A to a vertical wall, weighs 10 Newtons and is
200 cm. long. A weight equals to that of the rod is hung from the end B,
and the rod is kept horizontal by a rope tied to a point on it 150 em.
from A and the other end is fixed to the wall at a point above A. If the
rope is inclined at 30° to the horizontal, find the tension in the rope and
the reaction at the hinge.

A uniform rod A B, of weight 200 Newtons, is hinged at A to a vertical
wall and carries a weight of 100 Newtons at B. The rod, inclined at 30°
to the horizontal is supported by a string attached to the end B and fixed
to wall at a point C vertically above A such that AC = AB = BC. Find
the tension in the string and the reaction at the hinge.

A uniform rod rests in a vertical plane with the upper end against a
smooth vertical wall and the lower end on a horizontal rough ground.
The coefficient of friction between the rod and the ground being equal

to '% If the rod rests in limiting equilibrium, find the angle of

inclination of the rod to the wall.

A uniform Jadder of weight 20 kg. rests in a vertical plane with one end
on a rough horizontal floor and the other end against a smooth vertical
wall. The ladder is inclined at 60° to the horizontal. Given that the

coefficient of friction between the ladder and the floor equal ’_)Vl;

prove that the maximum distance a man of weight 60 kg. can ascend up
the ladder is equal to half length of the ladder.

A uniform rod of weight 15 Newtons rests in a vertical plane with one
end on a rough horizontal floor and the other end on a smooth vertical
wall. If the ladder rests in limiting equilibrium when its inclination 1o
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the horizontal is equal to 30°, Find the coefficient of friction between
the rod and the floor and find the reaction of the wall on its end.

(11) A uniform rod AB of weight W and length 260 cm. rests in a vertical
plane with its ends resting on a rough horizomal floor and against a
smooth vertical wall. The coefficient of friction between the rod and the

floor equals % and the lower end B of the rod is 100 cm. away from

the wall. Find the horizontal force acting at B that will make the motion
about to begin towards the wall.
(12) A uniform rod rests with one end against a rough vertical plane, the

coefficient of friction between them is 5 . and the other end on a rough

3
horizontal floor, the coefficient of friction between them is Z Find the

rod’s inclination to the floor when being in limiting equilibrium.
(13) A uniform rod of weight 40 Newtons rests in a vertical plane with one
end against a rough vertical wall, the coefficient of friction between

. . :
them is 7, and the other end on a rough horizontal floor, the coefficient

of friction between them is E‘; The rod is inclined at 45° to the floor.

Find the least horizontal force that will make the lower end of the rod
about to move towards the wall.

(14) A uniform ladder rests in a vertical plane with its ends on a horizontal
floor and against a vertical wall. The ladder is inclined to the wall with

an angle which tangent is % and the coefficient of friction between

X v 1 gt
the ladder and either the wall or the floor is R If a man whose weight is

three times as much as that of the ladder is ascending it, prove that he
cannot exceed seven-tenths of the length of the ladder without
disturbing equilibrium .
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Chq_pler Five

Couples

Preface:
In this chapter we will deal with : definition of couple , equilibrium
of a body under the act of two coupies and the resultant of a set of
couples.

Objectives:

By the end of teaching this chapter, the student should be able to:

(1) Recognize the concept of couple.

(2) Calculate the moment of a couple .

(3) Deduce that the moment of a couple is a constant vector .

(4) Recognize the concept of equilibrium of a body under the act of
two coplanar couples.

(5) Find the resultant of set of couples.

(6) Solve life problems on couples.

(l)'Cbnple'( concept - definition - moment ) .

(2) Equilibrium of a rigid body under the act of two
coplanar couples.

(3) The sum of two coplanar couples.

(4) The sum of a finite number of couples.



The concept of a couple is considered as one of the fundamental
concepts of Mechanies. This chapter will be devoted to demonstrate
the concept of a couple. and its important properties and the
fundamental theorems concerned with It

Definition :

A system of two forces of equal magnitudes and opposite
direction and acting in different lines of action is called a COUPLE.

The last condition is very important in the definition of a couple,
since if the two forces have the same line of action, the two forces
will be in equilibrium, but the non-vanishing of the normal distance
between the lines of action of the two forces, the two forces are not
in equilibrium, as we notice that from our daily experience.

Figure (6Y) shows two examples of a couple.

10 Newton
150 gm.wy
150 wi
@ ) e
—

1O Newtan

| Fig. (69)
rotating the driving wheel under the action of a couple
rotating a tap under the action ¢f a couple
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Chapter Five : Couples

Moment of a couple :
Let F and - F be the two forces
forming the couple. | F | =F
Draw the common normal to the Mo

lines of action of the two forces, let

it meet them at the points A and B

respectively, and p = AB be the

length of the common normal to the

lines of action Fig. (70).

Pig. (70)
Calculate the sum of the moments of the two forces of the couple

-about an arbitrar point O.

Since the two points A, B, are independent of the position of the
point O about which we are taking moments, the sum of moments of
the two forces of the couple is independent of the position of O, and

thus it is a constant vector called Moment of Couple and will be

—
denoted by M .
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Therelore we have :

- - = . - -

M =BAx F=AB x (- F)

which means that the moment of a couple is equal to the
moment of ene of the forces [ the couple about a point on the line of

action of the other force,

N.B.

The moment of a couple does not change if the point A is
replaced by any other point on the line of action of the force F, and
the point B Is replaced by any other point on the line of action of the
force (- F).

We formulate our results in the following fundamental theorem.

Theorem :

The moment of a couple is a constant vector, independent of the
point about which we take the moments of the two forces and is
equal to the moment of one of the forces of a couple about any point

on the line of action of the second force.

Magnitude and direction of the moment of a couple :
Since the veetor BA is perpendicular to the vector -I;. the angle

between these two vectors is 90°
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|3l = B | 7 sin g0
I =%p
i.e, "The magnitude of the moment of a couple is equal to the
product of the magnitude of one of the forces times the length of

common normal to their lines of action”,

NB.:

The length of common normal to the lines of action of the two
forces of a couple p is called "The armof the couple”. We notice that
the moment of a couple is perpendicular to both BA F. i to the
plane containing the lines of action of the two forces. The direction

of this moment is determined according to the right hand rule.

Coplanar Couples :

If a number of couples act on a rigid body, and if the lines of
action of the forces of these couples all lie in the same plane, it is
said that these couples form a system of coplanar couples.

In what follows we are concerned only with coplanar couples. It
Is clear that the moments of a sstem of coplanar couples are all
parallel and perpendicular to the plane of the forces fig. (71). This
makes the study of the moments easier, since it will be possible to

deal with the algebraic measures of these moments (relative to a unit
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vector parallel to it) instead of dealing with vector moments
f

perpendieular to the plane of the |
forces, we can write the moment _
of any couple of the system in

terms of lc\ as follows : |

themselves. i s
. A 4 M s ‘ M i
If we take ¢ as a unit vector

—_— A —
M =Me¢ l My
Where M is the algebraic Fig. (71)

. —~ . N
measure of the momeni M with respect to the unit vector ¢. But
since we are going to deal only with the algebraic measures of the
monents of the coplanar couples, we will drop down the unit vector

N ;
¢ and determine the sign of the algebraic measure to the moment of

a couple according to the lollowing rule ;

Rule :

If when looking of the plane of the forces, we find that the
couple is tending to a rotation in an anti-clockwise direction, the
algebraic measure of its moment is considered positive Fig. (72-a),
but if the couple is tending to a rotation in a clockwise direction, the

algebraic measure of its moment is considered negative fig. (72-b).
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Fig. (72-a)

couple tending to a rotation

in an anti-clockwise direction

M isindirection of ¢, M:>0

Fig, (72-b)

couple tending to a rotation
in a clockwise direction

M in an opposite direction to
c.M<0
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THE EQUILIBRIUM OF A RIGID BODY UNDER
THE EFFECT OF TWO COOPLANER COUPLES

Experiment : Equilibrium of two couples,
Aim of experiment :

To show that if a rigid body is in equilibrium under the action of
two coplanar couples, then: the amounts of these couples are qual in
magnitude, and opposite in dircclon.
Apparatus :

The apparatus consists of a
holder, two reels, a ruler with

holes, a sensitive spring D

'

balance, three weight carriers,
pivol, strings, a small metal
rider,

Working steps :

11 Fix two equal reels in the

holder so that their centres

Fig. (73)

are at equal distances from
the pivot.

2) Put the ruler on the pivot at its midpoint, and if the ruler is not
in equilibrium in a horizontal position use the metal rider and
move it on the ruler until the ruler is In equilibrium In a

horizontal position. Be sure that the ruler is horizontal by using a
level balance.
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3)

4)

3)

6)

7)

8]

2)

10)
11)

Chapter Five : Couples

Fix a string at A to a balance fixed in the holder so that the string
is vertical.

Fix a string carrying a weight at B, where OA = OB, O being the
pivot,

Take two points suchas C, D at equal distances from O
e, OC=0D.

Fix in each of these points a string passing over a reel, and
carrying welghts as shown in ligure.

Put equal weights on the carriers at E. H, until the ruler is in
equilibrium in a horizontal position.

Compare the weight suspended at B, and the tension in the
balance, you will find that they are equal, let the magnitude of
each be F,

Find each of the two equal forces acting at C, D, let each be equal
to Fy.

Find the distance between the two equal forces F) and let it be P.
Fix the end of a string at the pivot O and move the string so as to
measure the shortest distance between O and any of the two
inclined strings CH & DE as in fig, (73), which is half the
distance between them. Let the distance between the two
inclined strings be Py, . Compare the two products F * p and

F, x P, , you will find that they are cqual. Repeat the experiment
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Several times by changing the values of F and Fl. Find the
percentage error in the results of the experiment,

From the previous experiment, we can give the following definition
for the equilibrium of a rigid body under the effect of two cooplaner
couples.

( A rigid body is said to be in equilibrium under the effect of t\vo}
co

oplaner couples if the sum of their moments is the zero vector.

If ﬁ, ﬁ; are the moments of the two couples, then the condition of
the equilibrium of a rigid body under the effect of two cooplaner couples
is written in the form.

Mi+M2=0
e —
Or M;=-Ma
— = —~ -
Since Mj=M; C ,Mz2=M2C
Where M;, Mz are the algebraic measures of the moment vectors

——

M, M respectively relative to the unit vector , therefore
— | — - a
Mi+Mz=M C+Mz C

= (M; + Mg) C

-~ =
Thus the sum (M: + Mz) vanishes if the sum of the algebraic
measures (Mi + M) vanishes and vice versa. We thus obtain the

following result :

Result :
A rigid body is 'said to be in equilibrium under the effect of two

cooplaner couples if the algebraic sum of their moments vanishes.
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ie. | My + Ma = O

Example (1) :

AB is a rod of negligible weight and of length 100 em. C, D are
two points on the rod 40, 80 cm, distant from the end A respectively.
Forces of magnitudes 300, F, 300, F newtons act at the points A, C,
D, B respectively in directions perpendicular to the rod, such that
(he two forces at A, B are in the same direction, and the other two
forces In the opposile direction. Find the value of F if the rod is in
equilibrium,

The rod is in equilibrium
under the action of two couples:

a couple formed of the two
forces 300, 300 newtons at A,
D, Let M, be the algebraic F 200
measure of its moment and

another couple formed of the g | D 5 | A
- 20cm| 440 o> 40cm >

two forces F , F newtons at C, B,
Let M, be the algebraic measure

300 F
of its moment. Referring to g

(74), Fig. (74)
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v My = 300 x 80 = 24000 newton. cm.
& M, =-F % 60 = -60 F newton. cm,
Since the rod is in equilibrium, the two couples must be in

equilibrium.

M+ Mp=0 5 24000 - 60 F =0

24000
60

v F=

= 400 newtons

Example (2) :

AB s a rod of negligible weight. It is suspended in a horizontal
position by a pin at its midpeint. Two forces each of magnitude 7.5
newtons act at its ends; that at A is vertically downwards and that at
B is vertically upwards. It is also pulled by a string in a direction
making 60° with the rod from a point C on it. Find the magnitude and
direction and the point of action of the force which if it acts with the
other forces on the rod will deep it in equilibrium in a horizontal

position, given, that the tension in the string is of magnitude 10

newtons and the length of the rod is 30 em.
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‘The two forces 7.5, 7.5
newlons at A, and B form a
couple, the algebraic measure of

its moment is M, = -7.5 * 30 = —225 newton, em.

Since the
fod is to be in equilibrium, it g T= 10N
must be affected by another
couple has a moment of the g | D. 60°
same magnitude and of . <
opposite direction.
75N

then the tenSi:on T

and the force F will form a Fig. (75)

couple of opposite moment to the moment of the first couple,
I¥=T= 10 newlons, 0 =607
The algebraic measure of the moment of this couple
‘M, = 10 * CD sin 60" = 5/3 CD.

v M,+ My=0 . 5Y8 CDh =225

225 - 15y3 cm.

& Ch = ?)TSE

L.e. D is ata distance of 153 cm from C.

Example (3) :
AB is a uniform rod of length 60 cm, and weight 10 kg. wt acting
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at its midpeoint, moves in a vertical plane about a fixed hinge at its
end A. A couple in a vertical plane and of moment 150 kg. wt. cm acts

on the rod. Prove that the reaction of the hinge at A is equal to the

weight of the rod, and find the inclination of the rod to the horizontal
in equilibrium position,

Since the force acting on the rod, are its weight, the reaction of the
hinge at A, and the couple, so in order that the rod Is to be in
equilibrium, it must be affected by another couple has a moment of the
same magnitude and of opposite direction, so the weight and the

reaction form a couple.

Thus the reaction at A will

act vertically upwards and will

be equal in magnitude to the

weight of the rod, f.e. the

reaction at A will be of

10 kg. wt. cm
magnitude 10 Kg. wi.

Fig. (76)

The algebraic measure of the moment of the couple formed of

the two forces, the weight and the reaction M; = —10x 30 cos 8

M, = -300 cos B kg. wt. cm
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The algebraic measure of the given couple M, = 130 kg, wt.em,
In equilibrium My + M, = O

& 150 - 300 cos® =0

s ocos0=1/2. s B =x60°

i.¢. there are two positions of equilibrium, 1n which the rod is
Inclined at an angle 60° to the horizontal either upwards or

downwards.

l.xample (4) :

ABCD is a ine lamina of weight 3 newtons in the lorm of a square
the length of whose side is 50 cm. It has a small hole near the vertex
‘A, and is susperrded from this hole by a thin pin. so that its plane is
vertical. Find the pressure of the pin, If a couple of moment 7.5

newton.cm acts on the lamina in its plane, prove that the pressure on
the pin docs not change. then find the inclination of the diagonal AC

to the vertical In the equilibrinm position, given that the weight of

the lamina acts at the point of intersection of the diagonals.

p

(15‘) In the equilibrium fA
position, the lamina is under

the action of two forces. its D o

weight acting at the point of

intersection of the diagonals O.
cC

Fig. (77 - a)
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and the reaction at A, and thus
the reaction at A is -a vertical
force action upwards and of
magnitude 3 newtons since the
body is in equilibrium under the
action of two forces only, and
thus they must be equal In

magnitude, have the same line

of actin and in opposite
directions. Fig. (78-1p)

(2" In equilibrium position the lamina is under the actiin of
two forces, the weight of the lamina, the reaction at A, together with
the couple as in figure (78.b)

So, in order that the body is to be in equilibribum. it must be

effected by another couple has a moment of the same mangitude and in
the opposite direction.

Therefore the reaction al A Is a vertical force of magnitude 3
newtons acting vertically upwards.

Also 7.5 -3 (AO sin 8) =0

5% AD = 252 em.

7.5 = 3%25VY2 sin ¥,
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V2 _ 1414 o707 - 8=4° 31 15/
20 20

L osing =

Equivalence of two couples :
Definition :

Two couples in the same plane are equivalent if the algebraic

measures of their moments are equal.

Proof :
— A —— N
L My =My e My =My ©
~ ~

The condition for equivalence is M, ¢ = M, ¢

. M! = Mz

Example (5) :

AB is a rod of negligible weight and length 1.5 m, two equal
lorces ecach of magnitude 200 newtons act at its point of trisection in
two opposite directions perpendicular to the rod. If these two forces
are replaced by two other forces each of magnitude 120 newtons
acting at the ends of the rod such that they form a couple equivalent

to the first couple, what is the inclination of the lines of action of

these two forces to the rod.

L}
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Let the two forces 200, 200 N

act in the two directions shown in

fig. (B0).
The algebraic measure of the
couple formed :

M; =-200 = 0,5 = -100 newton. m.

The negative :sign shows that this couple tends to a rotation In a
clockwise direction.

Since the algebraic measure of the new couple is equal to M, the
two forces 120, 120 N. act in the shown directions in figure..

To calculate M, , draw the perpendicular from B on the line of
action of the force acting at A to meet it at C say, let 8 be the
inclination of each of the two forces to the rod.

4 My =-120 % [AB'x 8in @)

=-120 * (1.5 « sin 0) = -180 sin 6

My = My - -180sin 6 = -100
100 5
SnY =480 "9
o 3'4'
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Chapter Five : Couples

ABCD is a square of side length 1 m. Two forces each of

y — — .
magnitude 4 kg. wt act along AB, CD, also two other forces each of
magnitude F kg. wt act at B and D so that the lirst force makes an
angle of measure 15" with ﬁ the second force makes an angle of
meéasure 50" with BC. Find the value of F if the couple formed by the
first two forces is equivalent to the couple formed by the two last

forces.

It s clear that the
moments of the two couples are
in the same dirgction. because
each is tending to a rotation in a
clockwise direction relative to a
viewer looking at the figure.

The magnitude of the

moment of the first couple
M=4x1= 4 kgwtm
To calculate the magnitude of

the moment of the second

couple, druw the perpendicular

from D on the line of action of

the force FF acting at B to meet it
at E say.

E
Fig. (81)
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Chapter Five : Couplas

DE = DB sin ("5 + 45 = DB sin 60°

ButDB=yZ m. DE=\7—:';3_-7£§;m.

The magnitude of the moment of the second couple

M2=F~DE=7‘/§- F Kg wt. m,
The condition for the equivalence of the two couples @

V8 a4

o S R

Exerclses (5-1)

600 200
1)AB is a rod of negligible

welight and of length 6084—20 cm—>

, LA
P—T P — —

cm. Four parallel forces and l o l 20

normal to the rod act on It 206 500

at the points and in the Fig.(82-q)

directions indicated in the

figures (82- a, b, c). The » S
magnitudes of the force are - 30— 1054~ 15-0] a—15—>
all related to the same units |

of magnitude of a force.

Fig.(82-b)
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a0 80
Prove that the body is in equilibrium

, L A
+ |20 —> |4 |G| +— |5—>

in the two cases (a) and (b) onba.

80 40

Fig. ( 82-¢)

2)Two coplanar couples act on a rod AB of negligible
weight and of length 90

em. The first couple

consists of the two forces IF,
kg wt

consists of the two forces, :

<4-30cm—p 4 20cm—»> 4—40cm—b/4$
45° A

2
F kg.wt, and the second [
B

2. 2 kg wt acting at the

points, and the directions

shown in fig. (83). 2 kg.wt

Fig. (83)
Find the value of F which makes:
the body to be in equilibrium

under the two couples.
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3) ABCD is a rectangle in which AB = 40 em. BC = 30 cm. Two
- J—

forces each of magnitude 200 newtons act along AB ‘and CD.
Another two equal forces F and F act in A and C and parallel to

ED . Determine F to make the two couples be equivalent.

4) A rod of length 40 em, and of weight 2.4 kg.wt acting at its
midpoint, can rotate easily in a vertical plane about a fixed hinge
at its end. A couple of magnitude 24 kg. wt. em and whose
direction Is perpendicular to the vertical plane in which the rod
can rolate, acts on the rod. Find the magnitude and direction of
the reaction of the hinge, and the inclination of the rod to the

verical in the position of equilibrium.

5) AB, a rod of length 60 cm and of weight 18 N. acting at its mid-
point can rotate casily in a vertical plane about a horizontal pin
passing through a hole in the rod at the peint C 15 cm distant
from A. If the rod rests with its end B on a smooth horizontal
table, and the end A is pulled with a rope, horizontally until the
reaction of the table becomes equal to the weight of the rod, find
the tension in the rope, and the reaction of the pin given that

the rod is in equilibrivm in a position in which it is inclined atl
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6)

7)

an angle of measure 60° to the horizontal. Find also the

magnitude and direction of the reaction of the pin,

ABCD is a fine lamina in the form of a square, of side length 50
em and weight 300 gm, wt acting at the intersection of its
diagonals. A small hole is made in th.e lamina near A, and the
lamina is suspended by a thin horizontal pin through the hole, so
that it is in equilibrium in a vertical plane. Find the pressure on
the pin. If a couple, the magnitude of its moment is 7500 gm. wt.
em act in a direction perpendicular to the plane of the lamina,

prove that the pressure on the pin does not change, and find the
inclination of the diagonal AC to the vertical in the position of

equilibrivm.

ABCD is a fin¢ lamina in the form of a square, of side length 20

cm, and weight 150 N, acting at the intersection of its dlagonals.

The lamina is suspended by a thin horizontal pin passing through

a small hole near the vertex D, it is in equilibrium in a vertical

plane, find the pressure on the pin. If a couple acts on te lamina,

so that its direction is perpendicular to its plane, find the
magnitude of the moment of the couple {f the lamina s in

equilibrium with AD horizontal.
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8) ABCD is a fine lamina in the form of a rectangle in which AB = 18
cm, BC =24 cm and of weight 20 N. acting at the Intersection of
its diagonals. The lamina i{s suspended by"a thin horizontal pin
passing through a small hole near the vertex D, so that its plane
is vertical. If a couple, the magnitude of its moment is 150 N, ¢
and its direction is perpendicular to the plane of the lamina, acts
on the lamina, find the inclination of DB to the vertical in the
position of equilibrium.

9) ABC is a fine lamina in the form of a right-angled triangle at B,
AB'= 12 cm, BC = 15 em, and its weight is 6 newtons acting at
the intersection of its medians. If a couple whose direction is
perpendicular to the plane of the lamina acts on it so that it is in
equilibrium in a position in which AB is vertical, find the

magnitude of the moment of the couple.

10} ABC is a lamina in the form of an equilateral triangle, its wight is
50 gm. wt acting at the point of intersection of its medians. The
lamina is suspended by a thin horizontal pin passing through a
small hole near the vertex A, so that its plane is vertical. A

couple whose direction is perpendicular to the plane of the

lamina, and the magnitude of its moment is 250 gm. wt. cm acts
on it 1 the unina is i equilibeium, ind (he nclination of AR (w

the horizontal, given that the height of the triangle is 15 cm,
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Chapter Five : Couples

The sum of two coplanar couples :

Consider two coplanar couples. the first is composed of the two
forces F, , -F, ., and the second is composed of the two forces F,.
—T’T Their moments are 'M), .7,‘ respectively. The four forces F: .

-F,. F,.-F, all lic in te same plane,

Let R be the resultant of the two forces T-‘T F;
R=F, + F,.
Lé R be the resultant of the two forces -F,'. -F;.
R = (F,) + (F) =-F,,-F.
= -(F, + Fy)
= -R.

Therefore it is possible to reduce the four forees into two
parallel forces R. -R which form a couple in the same plane as the

two couples.
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= anls
[f Mis the moment of this coupe. then

= (Moment of the force ﬁvaboul 0O} + (Moment of the force:

2|

-R about 0.
= [Moment of the force F: about O + Moment of the force F;
about O)

+ (Moment of the force —?T about O + Moment of the force
- ?‘: about O).

= (Moment of .t-:.. about O + Moment of -?T. about O)

+  (Moment of F: abont O + Moment of -?; ahout Q)

According to this we give the following definition to the sum of
two coplanar couples :

Definition :

The sum of twe coplanar couples is defined as the couple whose
moment is equal to the sum of the moments of the two couples.
Moo= M +W,

The sum of two coplanar couples is called the “Resultant couple”™
and it is said that we have reduced the two couples to a single
resultant couple.

Result :

The algebraic measure of the moment of the sum of two.coplanar

couples is-equal to the sum of the aigebraic measures 1o their

moments.
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Proof :
—_— N —_— ~
Let M, = M; ¢, M, = My, ¢ be the moments of the two

coplanar couples required to find their sum.
—_ —— —
The moment of the sum is M = M, +M,

-~ T
= MI C + M2 c
~
= (Ml + Mz’ C
This means that the vector Td. is parallel to both the vectors

By e ——
Mclieo

M,, M, . Therefore if M is the algebraic measure of the vector
-— -~
if M=Mc

Comparing the last two relations, we have

M = M;+M,

Example (1) :

ABCD is a square, of side length 30 e¢m. Two forces each of

- - —
magnitude 200 gm. wt act along AB, CD and two forces each of
magnitude 500 gm. wt act along 7\3 @B. Find the algebraic maesure

of the moment of the resultant couple.
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Chapter Five : Couples

Let M, , M, be the

algebraic measures of the

b 500
moments of the couple formed < A
of the two forces 200, 200 gm..
wt, and the couple formed of [ o
' Yy 200

the two forces 500, 500 gm. wi |30crh
respectively, M the algebraic
measure of the moment of the ¥ > 5

L = 500
resultant couple

Fig. (83)

Referring to fig. (84) we have

M, = -200 x 30 = -6000 gm. wt. cm.

M, = <500 x 30 = -15000 gm, wt, cm,
M=M;+ M, =-6000+ 15000

= 9000 gm. wt. cm.

Example (2) :

AB is a rod of negligible weight and length 80 cm. The rod is
under the action of :
Two forces each of magnitude 2 kg. wt,, in opposite
directions, acting at the end A and at O the midpoint of the rod, such
that the force acting at A makes 30° with AB.
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Chapter Five : Couples

A couple whose direction is perpendicular to the plane of
the two forces, and the magnitude of its moment is 80 kg, wt,

Find the resultant couple if the moment of the given couple is In
the same direction as that of the couple formed of the two forces and
in the case in which it has the opposite direction.

Let M; be the algebraic
measure of the moment of the
couple formed of the two given
forces, M,  the algebraic
measure of the moment of the -80 kg.wt 2 kg.wt
given couple, (the magnitude of /_\1

his moment i1s 80 kg. wt, cm.). 1

M the algebraic measure of the

moment of the resultant couple. 2 kg.wt
Fig. (85 - a)

To find M, we draw a perpendicular from O to the line of action
of the force acting at A to meet it at C say. Noticing the moment's
sign fig. (85- a)

M, =-2x0C

= -2 % AO sin 30°

=-2%x40%x1/2 =-40 kg, wt. cm,
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1st case :

If the moment of the given couple is in the same direction as the
moment of the couple formed by the two given forces, as in fig. (89-
a), the sign of M, will be as the sign of M, .

M, =-80 kg wt, cm.
M = M +M,

40 - B0 = -120 kg, wi, cm,
2nd case :
If the moment of the given
couple is opposite in direction
to the moment of the couple
formed by the two given forces,

as in fig. (85-b), the sign of M, =

will be oppesite to the sign of

M,

4 My =-80 kg. wt. cm,

Fig. (85-b)

"M o= M + M,
= -40 + B0 = 40 kg wt. cm.
Sum of any finite number of coplanar couples :
We can apply the process of obtaining the sum of two coplanar

couples in obtaining the sum of any finite number of coplanar couples.
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Definition :

The sum of any finite number of coplanar couples is defined as

the couple whose moment is equal to the sum of the moments of

these couples.

M =

Wi, 4 Mia 4 iiiessict Wy,

Result ;

The algebraic measure of
coplanar couples Is equal to the
moments,

M

Example (3) :

ABCD Is a sqguare, of side

length 60 cm. Forces of

magnitudes 40, 50, 40, 50

newtons act in the directions
— —p —

AB, CB, CD. AD, respectively.
Two forces each of magnitude
30 Y2 newtons act at A, C in

the shown directions in fig. (86)

the moment of the sum of several

sum of the algebraic measure of their

40
aov 2. >
( F
45°
K3
50 50
Y
45°
F
il sol2
40
Fig. (86)
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Find :
1) The couple equivalent to the system,
2) The magnitude and direction of the two forces acting at B.
D and which are parallel to AC such that the system will be
in eguilibrium

Solution :

The two forces 40, 40 newtons form a couple, let M, be the
algebraic measure of its moment.

M, = 40 » 60 = -2400 newton. cm.

The two forces 50, 50 newtons lorm a couple, let My be the
algebraic measure of its moment.
5 My =50 60 = 3000 newton. cm.

Also the two forces 30Y2 , 30y2 newtons form a third couple.
let Mg be the algebraic measure of its moment.

Mg = 30y2 * Ac = 30y2Z x 60y2 = 3600 newton. cm.

The system is equivalent to a couple, which is the sum of the
three couples.

Let M be the algebraic measure of the sum of the moments of
the three couples.

M=M; +M; + My

= -2400 + 3000 + 3600 = 4200 newton. cm.
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Since M = Q, the resultant couple is tending to a rotation in an
anti-clockwise direction, and so if it is required that this couple be
in equilibrium with the couple formed by the two forces 'f-‘T -.l; at B,
D. the last couple must tend to a rotation in a clockwise direction.
i.e. these two forces must be directed as shown in fig. (90), and the
algebraic measure of its moment is negative.

Condition of equilibrium : (-F = BDJ + 4200 = O

& F » 80y2 = 4200

4200 _ 70

CF = = L2 =35/2 newtons
soyZ V2 vz

Rule :

If three forces act on a rigid body and are completely
represented by the sides of a triangle, taken the same way round,
then this system is equivalent to a couple, the magnitude of its
moment is equal to twice the area of the triangle divided by the
drawing scale
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Proof :
The directed straight
— — —
Prolions . A, BC, CA
represents the three forces
completely l.e in magnitude,
direction and line of action fig.
(87), Let the magnitude of a

force be represented by a

drawing scale ; 1 unit of lenght
ta each unit of magnitude of a

force.
E+-§$+CA 3-0.
—— — —_— —

F] + Fz + Fa = O i.e, F‘ + Fz .‘Fa

-

On the other hand, the resultant of the two forces 'IF: y By

which*m:et at B passes through this point.

The resultant of the two forces ?‘T - ‘!-:; is a force ('--f":) acting

at B.

Thus the original system of the forces ?‘: g ?; i -F-‘; is
equivalent to the two forces, ‘1'5; acting at C and (~F;) acting at B.
{.e. it is equivalent to a couple:

To find the magnitude of the moment of this couple, draw the

perpendicular from B to :'Z:’ to meet it at D say.
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» Magnitude of moment of the couple = || 'r;": " * BD but
" F; " = AC * m where 'r%:- is the drawing scale

- Magnitude of moment of the couple = AC *m % BD =

1

(AC x BD) *. m

twice the area of the triangle ABC
1

m

twice the area of the tria:lglé ABC
drawing scale to the magnitude of the force

General theorem
If many coplanar forces act on a rigid body and are completely
represented by the sides of a polygon, taken the same way round,
then this system is equivalent to a eouple. the magnitude of its
moment is equal to twice the area of the polygon divided by the

drawing scale.

Example (4) :

Three forces are completely represented by the stdes of right —
angled triangle ABC at B, taken the same way round, drawing scale
being 1 em to every 10 gm. wt,

Find the magnitude of the resulting couple given that AB =

40cm, BC = 30 em,
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The magnitude of the
resulting couple is twice the

area of the triangle divided by

30
the drawing scale
Twice The Area of triangle =
! iangle Y5
= 30 % 40
= 1200 em?
Drawing scale = ———S0__ Fig, (88)

10 gm. wi,

Magnitude of moment of couple

1200 em *
0.1 em / gm. wt.

= 1200 x 10 = 12000 gm. wt. cm,

Example (5) :

ABCD is a trapezium in which m (ZA) = m (£B) = 90°, AD = 10
em, A = 12 em; BC = 15 cnv. Forces of magnitudes 20, 24,30, 26
newtons acted along DA . AB , B andcs recpectively. Prove that
the system of these forces is equivalent to a couple, then find the

norm of its moment,
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>

+— 12 cm—p

Y
@
| @,
C H B
- 15 em >
Fig. (89)
CH = 5 ¢em ~ CD=13cm

The forces taken the same way round

20 24 _, 30 _, 26 _
To -2z =% 15 > 713 .

v The system is equivalent to a couple
The norm of moment of the couple = twice the area of trapezium
divided by the drawing scale,

. the drawing scale¢ = —— =

4
The norm of moment of couple= 2 x 12+ %-:60'0 N.cm.

.
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1)

2)

3)

4)

5)
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Exercises (5-2)

ABCD is a square, the length of whose side is 20 em. Forces of
magnitudes, 3, 5, 3, 5, kg. wt act along BA BC DC DA
respectively. Two other forces each of magnitude 4 V2 kg wt act
at the two vertices A, C in the directions BD, DB respectively.
Find the moment of the resultant coupie.

ABCD is a square of side lenght L. Pe AB , Q@ € DC , such that

PB=Q D= — L. Two forces each of magnitude 100 newtons

act along Eﬁ@' Two other forces each of magnitude 150
newtons ace along PC. QA. Find the moment of the resultant
couple.

ABCD is a rectangle, in which AB = 10 cm, CB = 12 cm. X is the
midpoint of CD . Y is the midpoint of CD . Forces of magnitudes
180, 200, 180, 200, 260, 260 gm. wt along
AB, CB, CD, AD, AY, CX respectively. Find the moment of the
resulting couple.

ABCDEF is a regular hexagon, of side length 15 e¢m, Forces of

magnitudes 40, 50, 30, 40, 50, 30 newtons act along

AB, CB, CD, DE, FE, FA respectively. Find the moment of the
resulting couple of the system.,
ABCDEF 1is a regular hexagon of side length 10 cm, Forces of

magnitudes 7, 4, 7, 4 gm. wt act along A_B'FE’I:—D.EF’



6)

7)

lsf:

2nd:

8)

9)

respectively, Two other forces each of magnitude P gm. wt act
—  — .

along CD. FA, Find the value of P if the system is in equilibrium.

ABCD is a parallelogram, in which AB= 16 cm, BC = 20 cm,
m (£ ABC) = 120°. Forces of magnitudes 3, 5, 3, 5, kg. wt act
along AB, CB, CD, AD respectively. Find the magnitude of the
resulting couple.

ABCD is a square, of side length 30 cm. Forces of magnitudes 4,

— ey — —p

5. 4. 5. newtons act along AB, CB. CD., AD. respectively. Two
other forces each of magnitude 3 Y2 newtons act at the two

veretices A. C in the directions BD, DB respectively. Find:
the couple equivalent to the system
the magnitude and direction of the cach of two forces acting al
B. D and which are parallel to AC such that the system will be
in equilibrium.

ABCD is a rectangle, in which AB = 30 om, BC = 40 ¢cm, Forces of
magnitudes 15, 30, 15, 30 newtons act along-éx 5—6 DC. DA.

respectively, Prove that the system tends to a couple and find its
moment. Find also two forces acting at A, C perpendicular to AC
in the position of equilibrinm,

ABCD is a parallelogram, in which AB =6 cm, BC = 8 cm,
m (£4A) = 60°. Forces of magnitudes 6, 9, 6, 9 gm. wt act along

AB. CB. CD. AD. respectively. Prove that the system tends to a

couple and find its moment.
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10) Three forces arc completely represented by the sides of an
equilateral triangle ABC, taken the same way round, and with a
drawing scale 1 ¢m to 2 gm. wt. If the length of the side of the
triangle is 30 cm, find the magnitude of the resulting couple,

11) Three forces of magnitudes 20, 30, 20 newtons are represented

completely by the directed straight segments AB, BC, CA,
respectively, where AB = AC = 40 cm, BC = 60 cm. Find the
magnitude of the resulting couple.

12) ABCD is a trapizuim in which AD // BC, m (£ABC) =90°, AB =

9 cm, BC = 24 cm, AD = 12 cm. Forces of magnitudes 48, 18,

24. 30 newtons acted along CB: BA: AD‘ and DC respectively
Prove that the system of these forces is equivalent to a couple
and find the norm of its moment.

13) ABCD is a quadrilateral in which AB = 8 ¢m, BC = 6 em, CD = DA
= 13 c¢m, m (£ ABC) = 90°. Forces of magnitudes 4, 3. 6.5 . 6.5
newtons acted along A_B’ B—C. C_D. and DA respectively. Prove
that the system of these forces is equivalent to a couple and find
the norm of its moment. If two forces of magnitudes F, F acted at
the two points B and D along CA and AC respectively, find F

such that the system of forces will be In eguilibrivn.
14} ABCD is a rectangle in which AB = 9 ¢cm, BC = 24 ¢m. H, E are

the midpoints of BC and AD respectively. Forces of magnitudes
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—  —

27, 72, 45, 36 newtons act along AB, BC, CE, EA respectively.
Prove that the system tends to a couple and find the norm of its
moment, Find two forces if act along HA, and EC. , the system

will be in equilibrium,
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Chapter One

Newton's laws of Motion

Preface :
In this chapter we will deal with: Some basic concepts of dynamics

such as force and mass.

Objectives:

By the end of teaching this chapter, the student should be able to:
(1) Recognize the concept of mass and momentum and their units,
(2) Recognize Newton's laws of Motion.

(3) Apply Newton's laws of Motion in different situation,

Topics:

(1) Mass and momentum, their units.
(2) Newton's first law and application.
(3) Newton's second law of motion,
(4) Newton's third law of motion.

(5) Simple applications on Newton's laws of motion.



Newton's laws of Motion,

and Simple Applications

A long time ago, the study of the motion of bodies was concerned
with two main subjects namely, the motion of celestial bodies (in
particular the motion of planets about the sun), and the motin of
earth bodies, 1.¢. those bodies which on the carth’s surface or near (o
it.

At the beginning, scientists and philosophers Aristotle on top of
them, thought that these (wo kinds of motion are mainly different in
their basis. This belief has not changed until the second half of the
seventeenth century when the British scientist Issac Newton (1642 -
1727) discovered that these two kinds of motion are two faces of the
same coin, and that both can be classified under the same title which
is "Motion of bodies” in general.

This unification is in fact considered the most important
achievement of Newton.

By discovering the general law of attraction, Issac Newton is
considered the main founder of modern mechanics science, but the
work of other scientists such as Copernick, Kepler, Galilio. proved

the way for Newton's achievement In this matter.
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Chapter One : Newton's laws of Motion

The Polish scientist, Nicola Copernick's instructions (1473 -
1543) stated that the carth was a sphere and that it revolved about its
axis and about the Sun and thus overcame the old theories, which
considered the earth as fixed and that it was the centre of the
universe.

Then came the German scientist Johann Kepler (1571 - 1630)
who laid down the mathematical basis which govern the motion of
planets about the sun, and corrected the ideas about the orbits of the
celestial bodies: by showing that the orbits of planets about the sun
are ellipses and not circles.

The Italian scientist, Galilio Gallily (1564 - 1642) is considered
in fact the founder of the science of motion. Galilic macde many
experiments on falling and on projected bodies, and also on bodies
moving on horizontal surfaces and discovered some of the important
properties of its motion. Thus through his experiments on falling
bodies, Galilio discovered that in the case of neglecting air resistance
all falling bodies move with the same uniform acceleration. He also
proved that a projected moves in a trajectory in the form of parabola
contrary to what was believed at that time, In his experiments on the
motion of bodies on horizontal surfaces, he obtained an important
result, which states that the bodies which move on horizontal

surfaces without resistance continue their motion with uniform
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velocity. It is thought that Galilio had reached through. his
experiments Newton's first and second laws of motion, but he was
not able to formulate them clearly then.

Issac Newton coliected his researches in a bovk calied
“Mathematical principles to natural Philesophy” known as (Principia)
i.e. principles in Latin. The first edition of this book appeared in
1686. Principia is considered one of the important scientific books
that appeared in modern times, if not the most important of all, and
in it Newton formulated his celebrated three laws.

These laws contain as it will be mentioned later, some of the
main concepts in mechanics, as the concept of force. and the
concept of mass. These concepts have been subject to many
discussions among scientists, due to the fact that they are not quite
clear.

There Is no doubt that we can feel the effect of force from dur
daily experience. If you watch a horse pulling a cart along-a horizontal
road, you will find that the cart will move whenever the horse pulls
it, and it stops when the horse ceases to pull, and if you push a piece
of wood placed on a horizontal table, you will find that it moves under
the effect of your pushing, and if you stop pushing it will rest on the

table. These two examples imply that bodies act on each

other when they touch (we say that bodies act on each other by
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force}, in the first example the horse acts on the cart, and your hand
acts on the piece of wood in the second example.

But it is not always so clear. Aristotle asked : what makes a
thrown stone move in the air after leaving your hand ? Has your hand
transferred to it a quantity of the forece which makes il move after
projecting it ?

Also, if you leave a body in the air, it will fall towards the earth,
what makes it move in this way ?

These questions remained the subject of interest and curiosity of
scientists for hundreds of years until Issac Newton discovered his
celebrated law of attraction by which hé explained the motion of
planets about the sun and the motion of falling bodies and projectiles.
This law has shown us for the first time that force can produce an
effect at a distance, since bodies attract each other without being in
touch. and as an example, earth attracts with a force called, the Force

of Weight,

But the concept of mass was not so clear as the concept of force.
The conept of weight was known to mankind through the needs to
make commercial transactions. Then came the invention of the
balance to compare different weights.

The concepl of mass remained ambiguous and mixed with the
concept of weight for a long time even some of the distinguished

scientists such as Galilio, Decart, Letbnitz.

162 2015-2016 Dar Makka El Mokarama for Printing and Publishing



Chapler One : Newton's laws of Motion

The distinction between the two concepts became clear when it
was discovered that the weight of the same body may differ from a
place to another on the Earth's surface. The mass of a body was
defined at the beginning as the "Magnitude of matter it contains”.
Issac Newton said In one of his writings I performed a number of
precise experiments, and | found each time that the magnitude of
matter's body contains is poportional to its weight”.

And thus mass appeared as a concept independent of weight,
although there is a proportionality between them, since a body of
greater weight must have greater mass.

We notice that this static definition of mass does not permit
determining the mass of bodies, but the comparison between them,
by comiparing their weights, as an example we say that the mass ol this
body is three times the mass of that body. since the weight of the
first is three times the mass weight of the s¢cond. It is possible to
give a dynamic definition {mobile] to the mass by studying the motion
of bodies under the action of a given force or the effect of another
body and so it is said that the mass of a body is a measure for how far
a body can resist the forces whih tends to change its state, or two
bodies are left to move under their mutual attraction, and each
acquired an acceleration equal in magnitude to the other, then these

two bodies are equal in mass.
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We should admit that these delinitions in their present form are
considered ambiguous in a way, or unpractical if we want to use them
to find the mass of a body. We are going to discuss this matter later
on in this book.

MASS

Consider the following postulate :

Each body is characterized by a self-property called mass, which
is a positive scalar quantity, directly proportional with the weight of
this body. on condition that all weights are measured in the same
place on the carth's surface.

Usually the mass is denoted by m.

From the above postulate we have the important property of the

mass, which is the property of summation :

"The mass of a body is equal to the sum of the masses of its
components”,

This property is shown in fig. (1)

body (1) body (2) body (1 + 2)
ml m2 ml + m2

Fig. ( 1) : masses summation porperty
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And as it is clear, the previous postulate means that the mass of a
body is a measure of what it contains of matter. But does this
postulate enable us to define mass of bodies ? The answer is no. All
we can do 1s a comparison between the masses of bodies. To find the
mass It is necessary to define the “unit of mass®, and that s what we
are going to explain in the next article,

Units of measure of mass :

We have seen that to find the mass of a body it is necessary to
define the unit of mass, which is the mass of unit magnitude, and
with which we will compare the other masses, Scientists have agreed
that the unit of mass is the “"kilogram” (kg.), which is the mass of a
ceylindrical body made of the two metals, Platinium and Iridium kept
in the museum of the internatinal office for scales and measurements
in the town Scevre, France.

The kilogram is egual to the mass of one litre of distilled water
at 4 centigrade. If we consider the metric system, we will find that it
contains, in addition to the kilogram, a numerous number of units of
measure of the mass, such as the Ton, Gram, Decigram, Centigram,
Milligram, Microgram.

Here are the rules for transferring some of the units of mass.

1 ton = 1000 kilogram
1 kilogram = 1000 gram
! gram = 1000 milligram.
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It is clear that the gram and its divisions are used in measuring
relatively small masses (for example in medicine industry), while the
ton is used in measuring relatively big masses {for example in heavy
industry or agriultural crops).

It should be mentioned that the mass of a bedy may change from
instant to instant. There are many examples : the mass of a rocket
diminishes due to the ejection of burning gasses, also the mass of a
raindrop increases during falling down due to aé¢cumulation of

moisture on its surface.

Example (1) :
A rocket originally of mass 15 tons, throws off fuel at a constant
rate of 200 kg per sccod. Find the mass of the rocket after 30

seconds from the instant of firing.

Solution :

Since the rocket throws fuel at a constant rate, therefore mass of
fuel thrown out = rate x time
= 200 x 30 = 6000 kg = 6 tons
mass of rocket after 30 seconds is

m=15-6 =9 tons

Example (2) :

A falling raindrop is of mass 0.1 gram at a certain instant. If

vapour accumulates on its surface during its fall at the rate of 2
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milligram per second, lind the mass of the raindrop after 1 minule
from this instant,

The acquired mass = rate x time

=2 x 60 = 120 milligrams
= (.12 gram

the final mass = 0.1 + 0.21 = 0.22 gram.
Momentum

The mass ol a moving
particle and its velocity vector
form an itmportant property of
the motion characteristics,
called Momentum. The Italian
scientist Galillio was the first to
notice the importance of the
product of the weight of a body
and its velocity when studying

the motion, but it seems that

the French scienlist Decart was 'v‘

the first to use the expression of

momentum, and defined it as

the product of the mass and the Fig. (2)
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velocity. The extreme importance of this last definition appeared
through the work of Newton and Huggins.
Definition :

The momentum vector of a particle, denoted by ﬁ is defined as
the product of the mass of the particle and its velocity vector. Fig.
(2).

l_-l‘ =m : (1)

From this definition it is clear that the momentum of a particle
at a certain instant i a vector In the same direction as the
instantanecous velocity vector at this instant, and the momentum
vector of aparticle changes from instant to instant in magnitude and
direction according to the change of the instantaneous velocity
vector, We can notice the effect of momentum in many of the
surrounding appearences, as an example if you put-a grain of sand on
your hand you will not leel its effect, but this particle of tiny mass can
scratch the glass of a rapidly moving car in a sandy storm. The reason
is that the grain of sand had acquired momentum relative to the car
lequal to the product of its mass into its velocity relative to the car)
and the magnitude of its momentum vector became very large to a
certain extent due to the magnitude of its relative velocity vector.

Also If you thrown a big stone on a solid wall it will no penetrate

the wall, but if you fire a bullet on the same wall it will be imbedded
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in the wall, the difference here is that the velocity of the bullet is
much greater than that of the stone although the mass of the stone
may be greater than that of the bullet.

In the case of rectilinear motion, the two vectors H .V will be
parallel to the straight line on which the motion occurs, and thus it is
possible to express both of them in terms of their algebraic measures
relative to a unit vector parallel to this line.

-P? =H /c\ ; = V 2
Substituting in (1). and eliminating ’c\ from both sides, we get.
H = my 2)
i.e. The algebraic measure to the momentum vector ts equal Lo the
product of the mass times of the algebraic measure of the velocity
vector.
Units of measure of the magnitude of momentum :

As the magnitude of the velocity vector if measured by units of
magnitude of velocity, the magnitude of momentum vecotr is
measured by units of magnitude of momentum.

Unit of measure of magnitude of momentum

= unit of measure of mass x unit of measure of magnitude of

velocity.

As an example, we can measure magnitude of momentum by

units of
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centimeter _ :
gram ® oy {(gm.cm./sec.)
or by units of
Kilogram x Riomeier (kg.km/h)
' hour

N.B. Sometimes when we are not concerned about the direction we

will use the expression momentum to mean the magnitude of

momentum,

Example (3) :
Find the momentum of car whose mass is 1.5 tons moving with a

speed of 80 km/h.

Solution :

Momentum = massx speed

1.5 x 80 = 120 ton. km/h.
{Speed

magnitade of velocity)

Example (4) :

Compare the momentum of a train of mass 12 tons moving with
a speed of 0.3 km/h and the momentum of the shot of a gun of mass
2.5 kg moving with a speed of 400 m/sec.

Solution

Momentum of the train

12 x 0.3 ton.km./h

3.6 ton.km/h
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10°
3600
10% gm.cm. /sec.

3.6 x10°% %

Momeéntum of the shot of the gun= 2.5x 400 kg.m,/scc.

10% kg.m/sec.

10% x 10% x 107 gm.cm/sec,

10® gm.em/sec,

i.e. the train and the shot have the same momentum.

A rubber ball of mass 400 gm is let o fall on o horizontal gound,
its velocity when it Impinges on the ground is 100 em/sec. then it
rebounds from the ground with a veloity of 60 em/sec. Find the
change in momentum as a result of impact.

Let l} be a unit vector diected

vertically downwards, fig. (3).

The velocity vector of the ball just
A
befor¢ impact has Lhe same 3
i y A

dicction as j

L2 N

v, = 100}

60 cm/scee

Momentum vector of ball just 100 em/fsce
before impact Fig. (3)

—_—

H, =m~, =400 x 100 = 40000 j
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Velocity vector of ball just after impact (direction of velocity vector
opposite to that of 3 )
e A
v 2 = "60 j
Momentum vector of all just after impact

_—

Ha=mV, =400 x (-60]) = -24000;
Change in momentum due to impact = H_: - ﬁ_,‘
= (-24000]) - (20000])
= -64000]
Magnitude of change in momentum
=\1Hy - H;ll = 64000 gm.cm/sec.
Ex 3
The student has to solve this problem when ; is directed
vertically upwards,
A car moves along a straight road with a velocity of magnitude
100 km/h, and there is a sandy storm in an opposite direction to that
of the car with a velocity of 80 km/h. If the mass of a grain of sand is
10 milligrams, find the momentum of the grain of sand relative to the

car, measured in units of gm.cm/sec.
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A
Consider a unit vector 1 in
the direction of motion of the
car, fig. (4 ). Velocity vector of
—n A
car v, = 100 i. Velocity vector

of the grain of sand

A
— A i
v, = -80i. Since it is required
to find the momentum of the >
100 km/h 80 km/h
grain of sand relative to the car,
Fig. (4)

we have to lind the wveloeity of
the grain relative o the car.
Let this velocity be V. From the rules of relative velocity, we find
- D e~ A A
v = v, -« v, =(-80i) - (100i)
A
= -180i
which means that a viewer inside the car see the grain of sand as if it
were moving with a velocity of 180 km/h in a dlection opposite to
that of the car.
Momentum of grain of sand relative to the car

—_N - N A
H=mv =10x (-180i) = -1800i

SAIHNI= 1800 milligram. km/h.

:3 105
= I8 1 X C.
00 x 10 x GO0, gm.cm/sce
= 05x 10° = 50 gm.cm/sec,
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Example (7) :

A particle is let to [all from the top of a tower. Caleulate its

momentunt at any time Instant and prove that Its rate of change Is

constant,
. A
From the motion laws i
under the acceleration due o Y
—
the gravity, the velocity vector N
of a particle at any time t is
=S ——— Q
v=v, +tg]
A A
=0 +tg) =tg] Fig.(5)

A

where g is the acceleration due to gavity, | is a unit vector shown in

fig. (5)
- o
A4

A
H=mv=1lmg)])

N
Rate of change of H with respect to time

dH "
rralias 1

which is a constant vector
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Exercises (1-1)

1} A rocket of mass 3 tons throws out fuel at a constant rate of 100
kg per second. If the mass of the rocket when empty of fuel is |
ton, find when all the fuel is thrown out.

2) A sphere of mass 1 kg moves in air saturated with dust. If the
rate of accumulation of dust on its surface is 20 gm/min. How
fong will it take until the mass of the sphere be equal to 1.5 kg?

3) Fuul the momentum of a car of mass 1800 kg moving with «
speed of 100 km/h giving you answer in units of gm.m. /sec,

4] A rubber ball of mass 40 gm. 1s pojected on a smooth horizontal
ground, it impinges with ‘a barrier with a veloaity 80 cm/see.,
then it rebounds in the opposite direction with a velocity 40
cm./sec. Find the magnitude of the change in momentum due (o
impact.

5) A rubber ball of mass 100 gm is let Lo fall on a horizontal grond,
it impinges with the ground with a velocity 400 cm./sec,, then it
rebounds to a height of 50 em before it comes to instantaneocus
rest. Find the magnitude of the change in momentum just before
and after impact.

6) A rubber ball of mass 50 gm is let to fall from a height of 4.9 m

on a hoizontal ground, It Impinges with it and then rebounds to a
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7)

8)

9)

10)

height of 2.5 m before it comes to instantaneous rest. Calculate
the magnitude of the change of its momentum just before and
after impact.

A rubber ball of mass 100 gm is let to fall fom a height of 40 e¢m,
on a hoizontal ground. If the ball rebounds to one quarter of the
height fom which it falls after each impact, find the magnitude of
the change in its momentum, just before and after the second
impact, measured in units of gm. cm/sec.

A bullet of mass 50 gm is fired with velocity 810 m/sec. towards
a wooden body of mass 4 kg which is at rest. If the bullet is
imbedded in it, and the systéem moves after that with a certain
veloeity, find this velocity given that the momentum of the
system did not change due to impact.

An anti-tanks gun fires a shell of mass 1 kg with velocity 300
m/sec. towards a tank moving towards the gun with velocity 60
km/h, and it hits it, Find the absolute value of the momentum of
the shell, and also the magnitude of its momentum relative to
the tank. Compare the two results.

A particle is projected vertically upwards. with a velocity v,. Write
down the law which gives its velocity in terms of the time, and
hence deduce that the rate of change of the momentum with

respect to the time is a constant vector.
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NEWTON'S LAWS

Newton's First Law :

“Every body perseveres in its state of rest or of moving uniformly
except in so far as it is made to change that state by external efiect.

The student is reminded-that a uniform motion is a motion with
constant velacity in magnitude and direction”.

Discussion of the Law :

1] The law assumes the existence of an effect, called "the force"
which if it acts on a body at rest or moving uniformly, it changes
its state.

And thus if you see that a body
which Is at rest starts to move,
then it must have been under
the effect of a force, and te body
moves on a curved path as in fig(s),

then it is under the effect of

—
u
a force. Also if a body moves .
in a straight line with a variable
Ag path
velocity in magnitude or
direction or in both, we can
deduce that there is a force
Fig. (6)

acting on t.

177
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2)

3)

4)

5]

6)
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i the formulation of the kaw, the force means the resultant of all
forces acting on the ody,

The law consides the two states of rest and uniform motion 1 an
cquivalem situation, as both represent the natural state of the
body when the resultant of the acting forces is equal to zero,

The huw shows that a body which is at rest or moving uniformly
(i.,e. when it is in its patural state) cannol change its state by
itself, but a force must act on it 1o change its state, and that is
why the first law is called the Law of Inertia

The first law agrees with the results deduced by Galilio through
his experiments on balls moving on howzontal surfaces. for he
noticed that when the resistance of the surface to motion
became smaller, the body approached the state of unifom
motion,

It Is usehul to know that Galilio had formulated a law similar to
Newton's first law, which states that "If .a body is moving on the
earth's surface without any resistance acting on it it will move
with a constant velocity on a great circle of the earth”.

Although the fomuiation of Newton’s first law is so simple, yet
this law contains deeper significance than what its formulation
implies,

For¢ more explanation,we réemind the student that the concept
of motion is a relative conecept, and that what a viewer considers

as movable, may appear at resi to another viewer,
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Therefore, we expect the existence of some lmits of validity Lo
Newton's first law, that Is to say. that this law will not be true to
all viewers studying motion of bodies, but to some of them. From
our experience, we can see that a viewer who observes. the
motion from a position on the earth's surface can use Newton's

first law, and obtiin results that agree with reality, on condition

that the motion which he observes is limited in space and time
to i sufficient degree, that is to say the body has not covered
large distance. or moved for a long time than is necessary. In
other cases, the rotation of earth about its axis and about the sun,
makes it very dangerous to apply the first law, and may lead (v
wrong results.

To prove that a liquid

resists the motion of bodies

in 1t If a metal ball is let to resistance
fall in a long vertical tube

full of a lquid (such as oil),

uniform motion

then we notice that its weight

.............
--------
“

motion will be accelerated

al the Dbeginning then §t V

becomes uniform, fig. (8 ). Fi.(8)
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We can be sure of the uniform motion experimentally by noticing
that the ball descends equal distances in equal intervals of time,

By applying Newton's first law on the mentioned uvniform
motion, we conclude that the resultant of the acting forces must
vanish. Since the ball s descending under its weight which is
directed vertically downwards, we deduce the existence of a second
force that balances the weight, Le. it is directed vertically upwariis,
and equal in magnitude to the weight of the ball, acting on the ball
We know that this force is a result of the liquid's particles touching
the surface of the ball, and is called “liquid's resisting force" to the
motion of a body in it. This force is responsible for the viscosity

phenomena.

Example (2) :

Uniform motion of a body

> 2

on a horizontal ground. Consider
a body maving uniformly on a

horizontal ground under the o 2 G

-
action of a force F in direction

inclined at an angle of measure

8 to the horizontal upwards as

v
in fig. (9). w
Fig. (9 )
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Since the motion is uniform, the algebraic sum of the components of
the acting forces on the body must vanish. Since the force of weight
is vertical, It has no component in the horizontal direction. We
therefore deduce the existence of a force acting on the body in an
opposite direction to that of motion to balance the component F
cos 8 of the force F. This force is called "The force of resistance of
the earth to the motion of the body on it" and is due to the body
touching the ground during its motion. Denoting this force by R,
therefore R=F cos 6 . Also since there is no motion of the body in a
vertical direction, the algebraic sum of the components of the acting
forces on the body in that direction must vanish. Therefore there
must exist a force acting on the body vertically upwards to balance
the force of weight. This force is called “the normal reaction of the
ground®. This force is also due to the contact between the body and
the earth. We will denote this force by N. From the figure,

s N+ Fsing = W,
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Example (3) :

N
Uniform motion of a car or 4

a2 train on a horizontal road. In

this case, the deriving force is R ’

that of the motor and its

direction is horizontal as in Hg(10),

I we put 8 = 0° in the L

previous example, we get w
R=F Fig. (10)
N=W

But if the moving body is an

geroplane Nying uniformly at a

constant height, then the force

which is directed vertically

upwards and acting on the plane

is the foree ol lift, which acts

mainly on the plane's wings, and "

is due to'the diflerence between

the air velocity relative to the
o / deriving force

plane, below and above the
wings. W

Fig. (11)
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Example (4) :

A car of mass 3 tons moves on a straight horizontal road. the
force of r¢sistance due to friction is directly proportional to the
magnitude of the car’s velocity. If' the maximum pulling force of the
motor is 500 kg, wt, and the force of resistance is 50 kg. wt for each
ton of the mass of the car, when the car's velocity was 30 km/h. il
the maximum velocity of the car on the road.

The concept of maximum velocity includes two important
notices !
al The car is moving with a constant speed, which is the magnitude

of the maximum velocity,

b) The motor its working at its maximum force.

The force acting on the car are :

1) The deriving force of the 2
motor acting horizontally in
the direction of motion.
2) The weight force acting  <— ,/417//%////% Dhving force
vertically downwards.
3) The resultant reaction,
which can be resolved into V'V
two components, one of Fig. (12)
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them is the force of resistance (friction) acting in a direction

opposite to that of motion,the second Is the force of normal

reaction acting vertically upwards, as in fig. (12).

Since the motion is in the horizontal direction, then the normal
reaction i1s equal in magnitude. and in an opposite direction to the
weight. Therefore their resultant vanishes and thus we can disregard
these two lorces il it is not required to (ind the magnitude of the
normal reaction lorces.

Let R be the resistance force, v the speed.

R = kv (1)
where k is the constant of proportionality, and which we can
determine (if necessary) from the knowiedge of the resistance force
when the velocity ts 30 kin/h, When the velocity is 30 km/h the
resistence force is
R = 50x 3 =150 kg. wt,

Substituting in (1) 150 = k x 30 (2)

Let vy be the car's maximum velocity when the resultant of the
acting forces on the car vanishes, and thus the resistance force is
equal and opposite in direction to the deriving force of the car.

~ R = 500kg wt
Substituting this value in equation (1}. putting

v = Vi
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500 = kv, (3)

dividing (3) by (2)

_ 50O _ kv,
150 kx 30
- 30

200
Vl = -i—s—-d- X 30 3100 M/h.

Example (5) ¢
=~

A body moves under the effect of two forces Fy = | and Fz = -3 1,

- - >
where 1 and j are orthogonal unit vectors, Find the third force Fz which
if it acts on the body, it will move uniformiy, find also the norm and the

> e
direction of Fa.

Since the body moves uniformly.

e

—
L F1+ Fa+F3=0

— —_—
s Fs =- (Fy + Fa)
=-(i-48j)
;-i+~/33
|| Fa || = yl1+3 = 2 units,
. s :
tan 6 = =y =- 3 - 8 = 120° where 6 is the angle between the

—_ 3
line of action of F3 and the unit vector i.
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Exercises (1-2)

1) Figure (13) shows the forces acting on some bodies. Which of

these bodies can be considered in a state of rest or moving

uniformly ?
b1 Kgwt $ 30n
50N
—> —il
10N
Y 2 Kgwt
(¢) (b) (a)
A
5 Kg.wt
< > < >
5 Kg-wt 5 Kg-wt
ie) (d)
Y
3 hewt 4 150N
300N
(£
Y 150N 300N
Fig. (13)
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2)

3)

4)

5)

6)

A metal ball of weight 150 kg. wt descends vertically in a liquid.
It is found that it travels equal distances in egual time intervals.
What is the magnitude of the liquid's resistance force to the
motion of the ball ?

A parachutist descends vertically with uniform velocity. If the
total weight of the man and the parachute is 95 kg. wt, find the
magnitude of the air resistance force to the parachute.

A horse pulls a wooden block on a horizontal ground with a force
of magnitude 100 kg. wt in a direction inclined at 30° upwards
to the vertical. If the block moves uniformly, find the ground
resistance force to its motion.

A car of mass 4 tons moves on a straight horizontal road under
the action of a resistance directly proportional to the magnitude
of the velocity. If the resistance is 8 kg. wt for each ton of the
mass of the car when its velocity Is 72 km/h, find the mximum
velocity, given that the maximum force generated by the motor
is 60 kg. wt.

A particie of mass m moves under the effect of the two forces
FT =3m i F-; = 4m ;

where ? & ; are two perpendicular unit vectors, Find the
additional force which if it acts on the particle, it will move

uniformly.
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7)

8)

9)

1SN

A man Is tied to a parachute descends vertically downwards.
Given that the air resistance is directly proportional to the
square of the magnitude of the velocity, and is equal to 1/4 the
weight of the man and the parachute when the velocity is 15
km/h, find the velocity of descent of the man and parachute,
when this velocity becomes uniform.

A train of mass 112 tons and the deriving of its engine is
5600 kg. wt. If the resistance to the motion of the train is
directly proportional to the square of its velocity, and this
resistance is 32 kg, wt for each ton of the mass when its velocity
was 60 km/h, calculate the maximum velocity of the train.

A body of mass 10 kg is placed on a horizontal plane and is attached
by two horizontal strings the angle between them is 120°and the
tension is each string is of magnitude 400 gm.wt. If the body moves
uniformly on the plane, find the magnitude and the direction of the

resistance of the plane,
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Newton's Second Law :

Rate of change of momentum with respect to the time is

proportional to the acling force and takes place in the direction
in which the force is acling

The mathematical expression of the second law is

d - —
— mv)e F
dt )
or
d > —
— fmv)] =k F
dt
whoere ks 5 positive constant of proportionality. If the mass of

the body is constant during the n_:otion. we can write.
-(-‘;T mv) = m %‘t'- = ma

where a is the acceleration of the body. Thus, Newton's second

law takes the form ;
ma= kF (1)

If the constant k is known, we can use the above relation to
determine the force -!; if the acceleration Z is known. We shall show
how we can find this constant.

Since both the force and acceleration vectors are in the same
direction, we can express them in terms of a unit vecior g in their
directions by means of their algebraic measures as follows :

- ~ -

A
a = ac F=F¢
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In this case the algebraic measures of these vectors are
considered positive and equal to its magnitude.
Substituting in (1) we get
mac = kF ¢
eliminating g from both sides, we get
ma = kF (2)
To find the value of the constant k we have to translate equation (2}
to figures., We know the units of measuring the magnitude of the
acceleration, but up till now we haven't defined any units of
measuring the magnitude of a force, and that is what we are going to

do now,
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The newton :

It is a unit for measuring
the magnitude of a force, and is
defined as the magnitude of a
force which if it acts on a body

of mass 1 kilogram {t acquires

an acceleration of magnitude 1 kg. F(IN)
1 m/sec?, Fig (14). putting F = >

I newton, m = 1 kg, a = 1

m/sec”™. in eq. (2)weget I x 1= a = lm/sec?

kx1 ok =1 Fig. (14)

and thus Newton's second law

takes the vectorial form.

d - -
=TS fmv) = F (3)
and when the mss is constant, we get
Y -
ma = F (4)

which means that

“In the case when the mass is constant during its motion, the
force vector is equal to the product of the mass of the body times its
acceleration vector”, But if we use the algebraic measures of the
vectors 2. F relation (4) takes the form

ma = F (5)
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It is clear that the two quantities a; F have the same sign.
Equation (5) states that

"When the mass of a body is constant during its motion, the
algebraic measure of the force vector is equal to the product of the
mass of the body times the algebraic measure of its acceleration
vector”.

Each of the two relations (4), (5) are satisfied if we are obliged to
use the above mentioned units in the following way :

m (kg.) x alm./sec’) = F (newton) {6)

There are many other units for measuring the magnitude of a force,
other than the newton. The most tmportant of these is the kilogram
weight (kg. wt.), gram weight (gm. wt.] and the dyne.

Here are the rules for transferring the units of force :

1 kg.wt., = O8 newtons
1 gm.owt. = 10° kg wt.
l dyne = 107 newton = : gm. wi,

g80

Since relation (5) expresses theé direct proportionality between
the magnitudes of the force and the acceleration., we can define a
kilogram weight as the magnitude of the force which if it acts on a
body of mass one kilogram, it acquires an acceleration of magnitude

9.8 meter /secz.
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Also we can formulate relation (6) in new units by noticing that
l kg. = 1000 gm, 1 m/sec® = 100 cm. /sec®
| newton = 10° dynes,
therefore
1000 m (gm,) x 100 a fem/sec’) = 10° F {dyne)
dividing by 10° we get :
m (gm) xa (cm/sec'z) = Fldyne) (7)

This means that in Newton's second law we can measure the
magnitude of the mass in grams, the magnitude of the acceleration in
units of cm./sec?, and the magnitude of the force in dynes.

Putting m = a = 1 in the above relation we get F = |
therefore "The dyne is the magnitude of a force which if it acts on a
body of mass one gram it acquires an acceleration of magnitude |

cm. /sec"“ l

Discossions of the second law :

1) This law expresses Newton's idea which states that the
acceleration of a body is a measure to the force acting on it, and
thus if we want to describe the force acting on a body, we have
to study its acceleration, whatever the nature of this force may

be.
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2) If we act with the same
-
force F on two bodies, one

of mass m, and the mass of

the second is 2 m fig. (15}, ¥

using the relation m a = F. a

ie. a = -E-

m

the first body acquires an

acceleration f{a), while the

2m >
second body (of greater >

mass) acquires an

acceleration of magnitude Fi.g (15)

(1/2 a), which means that under the action of the same force,
the body of greater mass acquires an acceleration of magnitude
less than that of the body of smaller mass. Thus the mass appears
as an element resisting the effect of the force, and this agrees
with the dynamical definition of mass, which states that the
mass is a measure to the extent to which a body resists the
forces which tend to change its state.

The following diagram shows the linear relation between the
force and acceleration for three bodies of different masses, the
straight line corresponsing to the body of lesser mass nearer to

the acceleration axis. fig. (16).
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s Hokey 8all

Tenis Bsll

Ping Pong Bail

Fig. (16)
3) Neton's second law is considered as a definition of the force in

terms of the acceleration, but in the c¢ases in which the force is
known from other sources, we can use this law to determine the
acceleration of bodies.

4) Galilio has proved through his experiments on falling bodies that
when there is no resistance all bodies fall with the same uniform
acceleration, for he found from his experiments that the vertical
distance which the falling body cut is proportional to the square
of the time, i.e.

s a t2

which agrees with the main law

s = 1/2 at2

for the motion with untform acceleration.
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Chapter One : Newion's laws of Motion

Since the acceleration
acquired by falling bodies Is
due to the Earth's

altraction to these hodies. l

the falling acceleration is
F=mg g= 9.8 m/sec2

called “"Earth’s gravitational
—FITITIIITIIIIIIIIIIIIIIIIIIIIIIIIIIZY  ground

acceleration” denoted by
@ fig. (17).

Experimentally it was found that the Earth's gravitational

Fig. (17)

acceleration magnitude s given by the approximate value,

9.8 meter/ sec?

Il

-3
This value increases when we go towards the Poles, where It is
equal to 9.83 approximately, while it decreases when we go towards
one of the equator, where it is equal to 9.79 approximately.
The force which attracts bodies downwards is the force of
weight, whose magnitude will be denoted by (W)

Applying Newton's second law to the motion of falling bodies, i.e.

putting.
F =W, k6 a=¢g
we find W (newton) = m {kg) x g (m./sec?)
or W (newton) = 9.8m (kg)x 1 (m./sec?)

noticing that 1 kg. wt. = 9.8 newtons
W (kg wt) = m (kg) x g (m/sec?),
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This relation shows that the weight of a bedy measured by units
of kg. wt s numerically equal to the mss of this body measured in
units of kg.

For example consider a body of mass 7 kg, ie. m=7,

Wikg wt)=7%x1=7

1.e. the weight of this mass is equal to 7 kg. wt.,

The student must not be mixed between the unit of mass (kg) and
the unit of force or weight (kg. wt).
5) If the resultant of the forces acting on a certain body vanish i.e. if

- -

F = O

according to Newton's second law (3) takes the form

d mv)=0
— (mv) =
dt
>
and thus the momentum vector m v must be a ¢onstant vector
e .
H = m v = constant vector.
therefore, the body on which no force acts moves so that its
momentum veclor is constant, and this means of course. that the
motion is in a straight iine but its velocity may change from
instant to another (because the mass may vary), but if the mass Is
constant, the above relation gives
—

v = constant vector

i.e. the body in this case moves in a uniform motion, and this is

Newton's first law.
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Example (1) :

Prove that if a body moves in a straight line fixed in space, then
there are twe possibilities which may happen : either its motion is
uniform, or the resultant of the acting forces on it is parallel to the
straight line.

Let ? be a unit vector
parallel to the straight line on
which the body moves, and ? a
unit vector perpendicular to 1.
fig. (18). Let us assume that the
motion is not uniform, therefore
the acceleration vector is not
equal to the zero vector. Since
the motion is in a straight line,
then the velocity vector is

parallel to this line, and thus we

—
>

can express the velocity vector

in terms of its algebraic f i
S—
measure relative to the unit i
A l —m
vector i, 4
- & Fig. (18)
v = v i
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the acceleration vector is

dv

dt

—
-;; _ dv
) dt

>

_ el B
'dz““

l.e. the acceleration vector is also paralle] to the straight line, and

thus is perpendicular to ?

- N

agl =20

from Newton's second law
- ?
a - a——
m

=~

A
@j =0

A =
-..OJ

which means that the resultant vector of the acting forces is

© g|=i

perpendicular to f i.e. it is parallel to the straight line on which the

body moves.

N.B.

We are going to study many examples, in which the body is
moving on a horizontal table, or on an inclined plane. According to
the above example; the resultant of the acting forces has no

component in a direction perpendicular to the straignt line on which

the body moves.
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Example (2) :

Three bodies of masses 1, 2, 3 kg are let to fall.

Find the magnitude of the force acting on each, neglecting air
resistance 1o its motion.

Neglecting air resistance,
the only force acting on each
body is the force of its weight
acting vertically downwards as

in fig. (19). The magnitude of

g
this force can be obtained from ‘
W =mg
Newton's second law. The first
Body Fig. (19)

Fi=m g=1x98
= 9.8 newtons = 1 Ky, wt,
The second body
F = my g=2x 9.8 newtons = 2 kg. wt.
The third body
Fz = my g=3 x 9.8 newtons = 3 kg. wt.
We could have obtained these results directly by noticing that the

magnitude of the weight (measured in kg. wt) is numerically equal to

the magnitude of the mass (measured in units of kg.).
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Example (3) :

A car of mass 1.8 tons moves along a straight horizontal road
with a velocity of 60 km./h The car stopped its motor, and it
continued its motion a distance of 200 metres until it stopped
completely. Find the magnitude of the resisting force assuming that it
is constant during the motion of the car.

Let A be the position where
the car’s motor stopped, B be
the position where the car

stopped. It is: clear that the

motion from A to B is under the ?
+——

effect of a single force which is g

-
the force of resistance, since - -

A ¢——r —— -
the resultant of the two other =J% ol

= & F '
’ v Y
forces, the weigh of the car and ’ o
Fig. (20)

the normal reaction vanish.

Let be a unit vector in a direction opposite to that of motion,
let a . s be the algebraic measures of the acceleration and
displacement vectors respectively. Fig. (20), It is clear that

g = <200 mewres.

Applying the well known law
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V3, -Vv%, = 2as
10" _-10*

3600 g m/sec,

Taking V, 60 km/h = -60 x

Vb=0

2
v A —- = m/sec?

The magnitude o the resisting force is obtained from Newton's

second law.

R=ma "m is measured in kilogram”
25

T

= 1250 newtons.

Example (4) :

A force of magnitude F acts on a body placed on a smooth
horizontal table in a direction making an angle of mesure 8 with the
downward vertical. Find the acceleration of the body as a result of

this action. Find also the magnitude of the normal reaction of the

table,
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Since the table is smooth,
the resistance lorce vanishes.
Let N be the normal reaction, a

is the magnitude of the produced N

acceleration, Fig (21). Since the

motion is horizontal the sum of F

the components or the forces in a

the vertical direction vanishes,

‘W:mg
% N-mg-Fcosf=0

N=mg+Fcos8 Fig. (21)
This relation determines N, and it is clear that the magnitude of the
reaction differs from the weight, and is equal to it only when cos 8 =
0 i.e when the force F is horizontal.

From Newton's second law in its scalar form, we find

ma=Fsin6
a = ﬁ;— sin 8

Therefore the body moves with a constant acceleration, It is clear

that the magnitude of a increases when 8 increases, and becomes

maximum when sin 8 = 1 i.¢, when F is horizontal.

Dar Makka EI Mokarama for Printing and Publishing 2015-2016



Chapter One : Newion's laws of Motion

Example (5) :

A llying body of mass 800 kg tlies in space with  unifornt motion
with' speed of 800 km/h. Suddenly it entérs a cloud of dust which
acts on it with a force of friction (resistance) whose magnitude Is 1/2
kg, wt for each kilogram of its mass. Find its velocily after coming out

of the cloud, if it stayed inside the cloud for 20 seconds.

Solation

When the body is inside the Fud
cloud, a resistance force acts on
it in a direction opposite to its body e

— R
di i A
irection of motion. Let R be 900 Km/h
the magnitude of this force direction ot mouon»
Fig. (22) R=1/2 x 800 =400
Fig. (22)

kg. wt. = 400 x 9.8 newtons.

This force cause a retardation motion with an acceleration a
which can be calculated from Newton's second law,

F (newton) = m (kg x a (m/sec?)

. 400 % 9.8 =800 a

. 400%x98 _ 2
- W —8—66— = 49 m/SCC
3
Loa= 4'? 2 101 = 49 x 36 x 36 km/h?
3600 = 3600
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The body moves with this acceleration for 20 seconds-

i.¢ —-—-——-—20
o 3600

Applying the well known law

hour.

Vv
putting V, = 800 we get

o 20
v =900 (49x36x36)x(3600]

= 5472 km/h,

Example (6) :
A body of variable mass, whose mass ism = a t + 1, moves along

a fixed straight line. If its displacement vector is given by the relation

-— N ~
s =(1/2 ¢ + 1) 1, where i is a unit vector parallel to the straight

line, Find the momentum of this body, and deduce the law of the

force acting on it,

m=2{ + 1

— A

velacily vector 7:%:% (1/2 t2+t)i
={t+ 1)1

. -y A

Momentum vector I =m v =2t + 1)t + 1) i
2 A
= 2t+3t+1)i

From the second law
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L
s 3 d - dH d 2 A
) - QU = e—— T e— i
F T (m v) 3t T 2t +3t+ 1)

A
= (4t+31i

i.e. the acting force on the body is of magnitude (4 t + 3) and in

E A
direction of the unit vector i.
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Exercises (1- 3)

—

1) A particle of mass m moves under the action of two forces, F; =

A — A A A A
S3mi,F,=5mj-2m1i where { , | are two perpendicular
unit vectors. Find the acceleration vector and find 1ts magnitude.

2) A particle of unit mass is moving so that its velocity vector is

- A
given as a function of th time t in the form v = (A 2+ B,
A
where | Is a constant unit vector. Find the constants A, B if the
force acting on this partile is constant and is given by the
¢ A
relation F=51.

3) A particle of unit mass is moving under the effect of three forces,
— A ~ — A AT — A A A A
Fy,= i+Aj Fp =214+ J,Fy=2|]+BI, where i,
are two perpendicular unit vectors: A, B are constants. If the
displacemeni vector of the particle is given as a function of

- n A
the time t in the form, s = 1 + (1/2 t* + 1) j, find the
censtants A, B.

4) A particle of mass 1 kg moves such that the components of its
velocity in the horizontal and vertical upwards directions are
respectively v, = 2, v, = -9.8 t + 2 in units of m/sec. Find the
magnitude and direction of the intitial velocity of this particle,

and the force vector acting on it.
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5)

6)

7)

8)

208

A force of magnitude 100 newtons acts on a body of mass 20 kg,
in a direction making an angle of measure 30° with the vertical
downwards, If the body is placed on a smooth horizontal ground.
lind the acceleration produced and the magnitde of the normal
reacuon.

A tank of mass 20 tons and the force of its machine is 1/2 ton
weight, starts moving on a horizontal ground, If the resistance
force to its motion is equal in magnitude to 20 kg, wt per ton of
its mass. find the tank’s velocity after 250 seconds from the start
ol the motion.

A body in the form of a right circuiar eylinder, of height 50 cm,
and bases radius 10 ecm, and mass 10 kg is moving uniformly

with velocity 5 m/sec. This body enters a dusty cloud, which acts
on it with a resistance force of magnitude 0.01 gm. wt to every

square centimeter of its lateral surface. Find the velocity of the
body after getting out of the cloud, given that it moved inside it
for 30 seconds.

A bullet of mass 25 gm and moving with velocity 200 m/sec. is
fired at a fixed barrier, it moved inside it for 5 em, until it
stopped. Find the resistance force of the barrier to the motion of
the bullet, given that this re: ice remained constant all the

time.
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g) A melal ball of mass 100 gm moves along a straight line with a
uniform velocity 10 m/sec. in a dusty medium. If dust adher as to
its surface at the rate of 0.06 gm per second. find the mass of
the ball and the force acting on it at any time t, given that at the
beginning of motion the ball was completely fiee from any dust.

10) A car of mass 1960 kg moves with velocity 63 km/h. If the
resistance (o the motion of the car is 1250 Kg. wi. Find 1he
distance described by the car before it stops

11) A constant horizontal force of 1000 kg weight acts on-a car of
mass 4 tons moving on a horizontal road. If the car starts from
rest and its velocity amounted to 4.9 m/sec: after 10 seconds,
find the magnitude of the friction force,

12) A mass of 2 kg falls 10 m from rest and is then brought to rest by
penetrating 5 ¢m into some sand, find in kg, wt the thrust of the

sand supposing it to be uniform.
-

13) A force F acts upon a body of mass 3 kg. The body covered a

distance of 245 emin 10 seconds against a resistance force (o
— - e

its motion equals 1/10 of its weight.Find F. If F = 0 at the end
of this interval and the resistance did not change. Find the time
taken by the body till it comes to rest.

L4) A train of mass 245 tons (the mass of th engine and the

train)moves with unifrom acceleration 15 cm/secz. If the
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resistance of air and friction is 4 kg, wt per ton, find the force of
the engine. If the last car of the train of mass 49 tons is released
after the train moves from rest for 4.9 minutes, find the

acceleration of the train and time taken by the relased car till it

comes to rest.

15) A balloon of mass 1050 kg ascending vertically upwards with
uniform velocity, A body of mass 70 kg falls from it. Find the
acceleration with which the balloon moves. If the velocity of the
balloon before the body falled is 50 cm/sec. find :

158 the distance covered by the balloon in the next 10 seconds.

284, the distance between the balloon and the body after this

interval,

16) A body of unit mass is moving under the effect of a force
F =ai+bj,where i and | are two orthogonal unit vectors, If the
displacement vector of the body is given by the relation :

S={22+1) i +(3t2+ 1) ],
where t is time. Find a and b.

Newton's Third Law :
To every action there is a reaction equal in magnitude and opposite

in direction.

If body (1) acts on body (2)

= (2) (1)

With a force F72;, then body (2)
Acts on body (1) with a force
Fi2, these two forces satisfy
The relation (fig. 23)
—=~ —
Fiz=-Fa

- — —~

fe. Flo+F1 =0
Fig. (23)
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This relation enables us to express Newton's third law in a new
form
“The resultant of mutual forces between any two bodies
vanishes".
—_— >
The last relation indicates that the two forces F o, , Fy arv
parallel, and thus we can express each In terms of their algebraic

measures,

If

s A el ”
Fyu = Fy ¢ i Fay =Fy ¢

N
where ¢ Is a unit vector parallel to the two forces, Newton's third

law takes the simple form :

> > —L

which means that "The sum of the algebraic measures of the mutual

forces between any two bodies vanishes”.

Discussion of the third law :

1) Newton's first and second laws. explain how forces affect bodies,
while the third law determines to us the rule which the mutual
forces between two bodies follow.

2) Experiment supports the truth of the third law, for example if

you press a table with your finger you will feel the table's
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pressure on you finger, and when you increase your pressure on

the table, the pressue will increase on your finger,

~ ~
3) The vanishing of the resultant { F ,, + F . ) does not mean that
the effect of one of the two forces cancels the effect of the other
force, for each one of them acts on one body only, and not the

other, and if we refer to fig. (23) we find that the force F ,, acts

P, N
on body (1), the force F, acts on body (2).

Hlustrative example :

A body at rest on a

horizontal table.

Consider a body at rest on a
horizontal table. Due to the
contact between the body and
the table, both act on the other
with a force, and the two forces N
salisfy Newton's third law,

We knew before that the

table acts on (he body with a

P L il il s iy sty ags
force: called the resultant

raction force, and of magnitude Yw

N. Fig. (24)
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Since the body is in equilibrium undér the action of this force

and the force of its welght, which is directed vertically downwards.

Therelore the resultant reaction foree is directed vertically upwards.

te. it is equal to the normal reaction (fig. 24 ). and if W is the weight

of the body, then from equilibrium we have

N =

Bul I we consider the
¢ffect of the body on the table; it
Is a force satislying Newton's
third law, Le. It is force

directed vertically downwards,

and of magnitude equal to the

weight of the body (fig. 25 ).
This force is called the

pressure of the body on th table,

and is denoted by P. i.e. P = W
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Simple Applications on
Newton's Laws of Motion

L Abody placed inside a lift moving with a uniform
acceleration:

a) The body placed on the floor of the lift :
Consider a body of mass m

placed on the floor of a lift moving

N
vertically with a uniform f A
]
acceleration of magnitude a.
Since the body is at rest
inside the lift, then it will acquire
the same acceleration,
Y mg
The forces acting on the body
s Fig. (26)

I. Thé weight force (denoted by _FT) of magnitunde mg acting
vertically downwards.

2. The reaction force, which is the effect of the bottom of the lift on
the body, (denoted by F:) of magnitude N acting vertically
upwards, since there is no force of friction between the body and
the bottom of the lift, the body being at rest on the bottom.

Let ; be a unit vector directed vertically upwards (Fig. 26 ).
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A
We can write each of the two forces in terms of j as follows :
— A - A
F‘ = - m g j Fa = N j
The acceleration of the body is that of the liff, and can be written
in the form
S A
a=%a)
The positive sign is taken when the lift is moving upwards, and
the negative sign is taken il it is moving downwards,
Applying Newton's sccond law on the motion of the body
- PR, N B—
nas= F; + F3 (1)
Consider the following three cases :
1. The lift is at rest or moving with a uniform velocity. In this case
. - A )
we put a2 = 0 in equation (1)

— — —

A A -
-mgjy+Nj=1(
~ S.
(-mg+N) j=0
-mg+N=0

N=m¢g (2)

which is a well known relation to us, and shows that the reaction
force of the bottom of the lift on the body (or the magnitude of
the pressure force of the body on the bottom of the lift) is equal
to the weight of the body.
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2. The lift moving with acceleration in the direction upwards !
In this case ?:a ;
Substituting this value in equation (1), we get
maj=F+ F=-mgj+N]
Eliminating ? from both sides
ma=-mg+N
N=ml(g+a) (3)
By comparing (3). (2] we notice that the magnitude of the
reaction force of the bottom on the bedy (or the magnitude of the
pressure force of the body on the bottom of the lift) has increased
by the value (m a) than its value when the lift was at rest or
moving with a uniform velocity, and we express that by saying that
“the body inside a lift moving upwards with a uniform acceleration
of magnitude a feels as if the gravitational acceleration has
increased by the amount a*
3. The lift moving with acceleration in the direction downwards :
In this case 2 = - a ';
Substituting this value in (1), we get
-maj=F + F=-mgj=Nj
-ma=-mg+N

N=ml(g-a) (4)

2015-2016 Dar Makka EI Mokarama for Printing and Publishing



Chapter One : Newton's laws of Motion

By comparing (4) and {2) we notice that the magnitude of the
reaction force of the boitom on the body (or the magnitude of the
pressure force of the bbdy on the bottom on the lift) has
decreased by teh value (m a) than its value when the lift was at
rest or moving with a uniform velocity, and we express that by
saying that "the body inside the lift feels as if the gravitational
acceleration has decreased by the amount a when the lift is
moving downwards with uniform acceleration”,

When the magnitude of the acceleration with which the lift
descends increases, the magnitude of the reaction force
decreases, until when the lift descends with the gravitational
acceleration (case of free descent), the magnitude of reaction
force vanishes, since each of the body and lift are descending
with the same acceleration, which is the gravitational
acceleration, and the body is about to leave the bottom,

b) Spring balance suspended from the top of a lift :

Consider now a body of
L L L L LLLLLLLLL

L =

mass m attached to the end of a
spring balance suspended from
the top of a lift moving vertically
with a uniform acceleration of

me
magnitude a. Fig. (27)
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Chapter One : Newion's laws of Motion

Since the body and the balance are fixed inside the lift, then

they acquire the same acceleration. The forces acting on the body

are |

1. The weight force (denoted by F.‘). of magnitude m g and acting
vertically downwards.

2. The tension force of the spring to the body (denoted by FT)
directed vertically upwards, let its magnitude be T, which is the

same in magnitude as the pull of the body of the spring directed

downwards.

4

Let | be a unit vector directed vertically upwards.
— A — A
»Fi=-mgi] . TFp=T]
If 3 is the acceleration vector of the body (or the lift, then
applying the second law on the body.
- Lo —
ma=F +F,
We can now apply the results of the last item putting the tension
force in place of the reaction force.
Consider the following three cases :
i. The lift at rest or moving with a uniform velocity
T=m¢g (5)
i.e. the magnitude of the tension force is equal to the weight of
the body.
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Chapler One : Newton's laws of Motion

il.  Lift moving with acceleration downwards :
T=mi(g+ a (6)
Le. the magnitude of the tension force increases by (m a) than in
case (1)
iil. Lift moving with acceleration upwards :
T=m(g-a) (7)
i.e. the magnitude of the tension force decreases by (m a) than in

case (1),

Find the reaction of a lift on a person inside it, whose mass is
70kg in newtons in the following cases :
1. If the lift is moving with a uniform velocity.
2. If the lift is moving vertically upwards with a uniform
2

acceleration of magnitude 1.2 m/sec”,

3. If the lift is moving vertically downwards with a uniform

acceleration of magnitude 1.8 m./sec?,
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Chapter One : Newton's laws of Motion

1. & N=mg.

> =

sA N=70x 9.8 =686 newtons
2. & N=milg+ a) |l_

N=70098+ 12)=70 x 11.

= 770 newtons.

3. » N=mi(g-a) Y
mg
N=m(g-a)
. N=70(9.8 - 1.8) = 70 x 8 = 560 newtons Fig. (28)

Example (2) ;

A spring balance carrying a

body of mass 35 kg Is
suspended from the top of a lift

moving vertically with a uniform

T
acceleration of magnitude
140cm. /sec”
mg
Find the apparent weight
Fig. (29)

indicated by the balance in Kg.wt
i.  if the direction of the acceleration of the lift is upwards.

ii. if the direction of the acceleration of the lift is downwards.
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Chapler One : Newton's laws of Motion

The apparent weight is the reading of the spring balance (i.e, the
tension),

, (YT T=mlg +al

T=35x 1000 x (980 + 140)

35 x 1000 x 1120 dynes

_ 351000 %1120 _ 1000
980 x 1000

T=mi(g-a)

T =35 % 1000 x (980 - 140)

= 35 x 1000 x 840 dynes

. S5% 1000 x 840 = 30 kg.wt.
980 x 1000

II. Motion of a Body on a Smooth Inclined Plane:

Consider a body of mass m
moving along a line of greatest
slope of a smooth inclined plane
whose inclination to the
horizontal is o under the action

of a force of magnitude F in the

direction of a line of greatest

slope. Fig. (30)
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Chapter One : Newion's laws of Motion

The forces acting on the body (Fig. 30) are :

1. The given force acting along a line of greatest slope. and of
magnitude F,

2. The force of weight acting vertically
downwards, and of magnitude m g
(g is the gravitational acceleration).
This force can be resolved Into two
components, one in the direction of

a line of greatest slope downwards

and of magnitude (m g sin a), and mg sin «
A

the other in a direction normal to J mg ¢os o

the plane and towards it of
magnitude (m g cos a) (Fig. 31). Fig. (31)

3. The force with which the plane acts on the body (reaction force);
acting in a direction normal to the plane and upwards (notice that
the plane is smoath, therefore there is no force of friction). This
force was called before "normal reaction”, let N be its magnitude,
and this is an unknown to be determined. It is useful 10 assume
two perpendicular unit vectors i : _']\ then first along a line of
greatest slope upwards. and the second normal to the plane

upwards (Fig. 30).
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Chapler One : Newton's laws of Motion

e
Let a be the acceleration vector of the body. It is clear that this
A
vector |s parallel to the vector i, since moticn (s parallel to this
vector.
~
i

a=a (1)

When a here is the algebraic measure of the vector a relative to
the unit vector ? a > 0 in the case when the motion on the plane is
upwards.

i.¢. in direction of ? while when a < 0 in the case when the
motion on the pland i downwards, Le., in an opposite direction o ?
If the motion is uniform then 2=0.

Since the motion is parallel to the vector ? the sum of the
components of the forces in direction of j\ must vanish,

N-mgcosa=0

From this equation we can determine the magnitude of the
normali reaction,

N=mgcos a (2)

Applying Newton's second law to the motion of the body parallel

N
to the vector . we find

ma=F-mgsina

F
= — - gsi 3
a= — - gsina (3)

-
In the special case In which the force F vanishes (F = 0) then

=-gsino
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Chapter One : Newton's laws of Motion

Example (3) :

A body of mass 1 kg is placed on a3 smooth inclined plane of

inclination 60" to the horizontal. A horizontal force of magnitude 10

kg.wt towards the plane, and its line of action lies in the vertical

plane through the line of greatest slope to the plane acts on the body.

Find the acceleraiton produced and the magnitude of the normal

reaction.

Solution :

The forces acting on the body
are shown in Fig. (32). Consider
two wunit vectors 1 ; ? as shown in
figure.

Resolving the acting forces in the
direction of the plane and the
normal to it, we get figure (33).

Since the sum of the
components of the forces in
direction of ; is equal to zero.

N - (10 sin 80 + 1 cos 60} = 0

N-5y8 -1/2=0

N=5y3 +1/2=9.16 kg.wt.

224 2015-2016

1 Kgwt

Fig. (32)

10 cos 60

10 sin 60

1 cos 60

Fig. (33)
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Chapler One : Newton's laws of Motion

Applying Newton's second law to the motion in direction of ’i\ we get
1 x a=(10 cos 60 - 1 sin 60) x 9.8 {(notice that the magnitudes of
the forces are in units of newton and the magnitude of the

aceeleration in units of m/seczi.
= (5 - V3 l x 9.8

2
~ {5 -0.866) x 9.8

a

4134 x9.8 ~ 405 m/sec

I3

A
i.e. the acceleration vector of the body is in direction of i, ie.

upwards ajong a line of greatest slope.

Dar Makka El Mokarama for Printing and Publishing 2015-2016



Exercises (1-4)

I. Find the reaction of a lift on a person inside it, whose mass is
60kg in units of newton in the following cases:
a) if the lift is at rest.
b) if the lift moves vertically upwards with a uniform
acceleration of magnitude 1.7 m/sccz.
¢) if the lift moves wvertically downwards with a uniform
acceleration of magnitude 2.8 m/sec?,
2. A body of mass 2 kg is placed on the floor of a lift. Find the
pressure force of this body on the floor of the lift, when the left;
a) is moving with a uniform velocity.
b) is moving upwards with an acceleration of magnitude
98cm/sec”.
¢} is moving downwards with an acceleration of magnitude
98{:m./sec2.
3. An electric lift is ascending with an acceleration of magnitude

70cem/ sec2

. A man Inside this lift Is pressing with his leg on the
fleor of the lift with a force of magnitude 67.5 kg.wt. Find the
mass of this man.

4. A body of mass 1 kg is suspended from the end of a spring
balance fixed in the ceiling of a lift. The lift moves with a
uniform acceleration, the balance reading was 800 gm.wt. Find

the magnitude of the acceleration of the lift and its direction.
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5. A spring balance is fixed in a lift moving verticaily. A body of
mass 490gm is suspended from the end of the balance. If the
balance reading is 450 gm.wt. is the lift ascending or
descending? What is the magnitude of its acceleration ?

6. A body is suspended from the end of a spring balance, fixed in

the ceiling of a lift. When the lift was moving upwards with an
acceleration of magnitude a cm/sccz. the balance reading was 16
kg.wt, and when it was moving upwards with an acceleration of
magnitude a cm/secz. the balance reading was 17 kg.wt. Find
the mass of the body and the magnitude of a. Find also the
balance reading when the lift is descending with a uniform
retardation of magnitude -g- a

7. A body is suspended from the end of a spiral fixed in the ceilling
of a lift. The readings of the balance when the lift was moving
upwards with a certain acceleration then when moving
downwards with the same acceleration were 1.22 kg.wt 0,78
kg.wt respectively.
Find the mass of the body and the magnitude of the Ilift's

acceleration.
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H. A body of mass 1/2 kg is placed on a smooth plane inclined to
the horizontal at an angle of 30°, then is left to move. Find the
magnitude of the force of reaction of the plane on the body. Find
also the magnitude of its acceleration on the plane.

9. A body of mass 1 kg is placed on a smooth plane inclined to the
horizontal at an angle of measure 30°. A force of magnitude 10
newtons acts on the body along a line of greatest slope upwards.
Find the magnitude of the force of reaction of the plane on it,
and find also its acceleration.

10. A body of mass 2 kg is moving along a line of greatest slope of a
smooth plane inclined at an angle of measure 60° to the
horizontal under the action of a force of magnitude 1 kg.wt
directed towards the plane and making an angle of measure 30°
with the horizontal upwards. Find the magnitude of the reaction
force on the body, and also its acceleration.

11. A bedy is projected up on a smooth inclined plane at an angle of
measure o, where sin a = 0.1, the velocity of projection is 49
em/sec, Find the time taken to return the body to the point of

prajection.
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12. A body of mass 500 gm is placed on a smooth plane inclined to
the horizontal at an angle of measure 8. sin 6 = 3/5 Forces of 500
gm,wt acting parallel to the plane acts on the body. Find the
acceleration of motion if the force equal zero after 2 seconds.
Find the distiance which the body ascends untill it stops instauta-
neously,

13. A car starts its motion from rest descending an inclined
plane to the horizontal at an angle of measure 6. sin 8 = 1/100,
its velocity amounted to 44.1 km per hour after 250 sce.

Calculate the resistance per ton.

14. A train of mass 240 tons moves in a horizontal road with a
uniform acceleration 2.45 crn/sec2 If the force of the engine is
2000 kg.wt, find the resistance per ton of the mass of the train
and if the train ascends an inclined plane of 1 in 500, find the
acceleration of the train given that the resistance does not
change.

15. A rough inclined plane its length is 40m, and {ts height is 10m.
if a body is projected up the plane from the bottom, find the
least velocity by which it must be projected to reach the top of

the plane given that the force of the friction of the plane is 1/4

of the weight of the body.
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Chapler Two
Applications on Newton's laws

Motion on a rough plane

Preface:
In this chapter we will deal with: Some Applications on Newton's laws
of motion..

Objectives:
By the end of teaching this chapter, the student should be able to:

()

(3)

(4)

(5)

Find the acceleration of motion of two bodies connected by the
two ends of a string passing over a smooth pulley , the tension in
the string and the pressure on the axis of the pulley.

Find the acceleration of motion of two bodies connected by the
two ends of a string passing over a smooth pulley at the edge of a
smooth table .

Find the acceleration of motion of two bodies connected by the
two ends of a string passing over 4 smooth pulley at the edge of
the top of a smooth inclined plane .

Find the acceleration of motion of two bodies connected by the
two ends of a string passing over a smooth pulley at the edge of a
rough horizontal table .

Find the acceleration of mation of two bodies connected by the
two ends of a string passing over a smooth pulley at the edge of
the top of a rough inclined plane .



Chapler IT'wo
Applications on Newton's laws

Motion on a rough plane

Topics :

(1)

(2)

(3)

(4)

(3)

Motion of a set of two bodies suspended vertically

from the two ends of a string passing over a smooth

pulley .

Motion of a set of two bodies connected hy a string
one of them moving on a smooth horizontal plane and
the other moving vertically ,

Motion of a set of two bodies connected to the two

ends of a string ,one of them moving on a smooth

inclined plane and the other moving vertically .

Motion of a set of two bodies connected to the two ends
of a string ,one of them moving on a rough horizontal
plane and the other moving vertically .

Motion of a set of two bodies connected to the two ends
of a string ,one of them moving on a rough inclined
plane and the other moving vertically .



Applications on Newton's laws
Motion on a rough plane

In this chapter we give some applications of Newton's laws of motion,
which relate to the motion of two bodies connected together by strings. We
assume that the length of a string remains constant. We also assume that the
weight of a string is oo small compared to the weight of the conuected
bodies, so that we may neglect its weight.

First application :
Motion of a system of two bodies hanging vertically from the ends of
a string which passes over a pulley.

Consider two bodies, of masses

m; and my where my > my g_; T

connected together by a string of

constant length (i.e. inextensible) .T S 1'

and of negligible weight. The string L

passes over a small smooth pulley, e “

we may thus neglect the length of . ur: -
a

that part of the string in contact with
the pulley. in comparison with the
complete length of the string.

We assume that both parts of the string hang vertically as shown in
Fig.(34). The system is allowed to move and we are interested in the resulting
motion.

To study this problem, we consider the motion of each body separately.

Since my is larger than my we expect my to move vertically downwards, and
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Chapter Two : Applications on Newion's laws
Mation an a rough plane

m; (o move vertically upwards. Let.é:'é:he unil vectors directed respectively
along the downward and upward verticals. Let a be the algebraic measure
relative to ':,-of the acceleration vector of body of mass my. Since the string
is inextensible, we deduce that the algebraic nieasure relative lo:; of the
acceleration vector of body of mass my is also a.
Equation of motion of the body of mass my:
ma=mg-T (1)
Equation of motion of the body of mass my:
m, a=T—mg (2)
Where T denotes the magnitude of the tension in either parts of the
string, g denotes the magnitide of the acceleration of gravity.
Adding equations (1) and (2), we get
(my +ny)a = (my ~my)g
From which we determine a:

= ml-mz
a-l'ﬂ)‘i'n\zxg (3)

We see from this relation that the body of larger mass moves vertically
downwards.
Remark :

Had we assumed from the state that the body of my has acceleration
directed vertically upwards, we would have ended with a negative value for a,

If the two bodies were equal, the system will resnain static or each of the
bodies will have a uniform motion with the same magnitude of velocity.

We may obtain the tension in the string from equation (1) say, after
~substituting for a its obtained value.
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If € is a unit vector, B is parallel to &, we write E.z B € where is called
the algebraic measure of ?relative to € . Notice that if -[;: & have the same
direction ‘!-;posilive. otherwise il is negative.

Th h ley :

The string exerts two forces on the
pulley each of magnitude T, which are
directed vertically downwards, as in Fig.(35). % .

The resultant of these two forces is called P

the pressure on the pulley, its magnitude is: Figure (35)
P=2T

Remark :

If the direction of motion for both bodies is known, we may neglect
introducing the unit vectors &, & as will be done in the following examples.
Two bodies of masses of | , 3kg are connected to the ends of a string
which passes around a small smooth pulley. Find the acceleration of the

system and the pressure on the pulley.

Solution @

Suppose that the body of mass 3kg is
accelerated vertically downwards with a

magnitude "a", consequently the body of mass

Ikg accelerates vertically upwards, with the

98x3
Figure (36)

same magnilude "a", as shown in Fig (36).

Since the aceeleration of gravity g = 9.8 ny/sec’
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the equation of motion for the body of mass 3Kg is

3a=3x98~T (1)
the equation of motion for the body of mass lkg is
a=T-98 2)
Adding (1) and (2)
4a=19.6
19.6

— ———— &
a=~—y = 4.9 nv/sec

To obtain the tension in the string, we substitute for "a" in equation (1)
T=3x98-3x49
= 4.7 newtons

The pressure on the pulley is twice the tension
P'=2T = 294 newtons

Example (2) :

Two bodies of masses of 3, 5kg are tied at the two ends of a string which
passes round a small smooth pulley. The system is kept in equilibrium with
the two parts of the siring hanging vertically. If the system was left 1o move,
find the magnitude of its acceleration and the pressure on pulley.

Find also the speed of the body of larger mass when it has descended
40cm.

Solution :

We know that the body of larger of the l T 'rT ¥
masses will move vertically downwards as "
shown in Fig.(37). The magnitude of the 3x8.9
acceleration of gravity is g = 9.8 m/sec,, 5%8.9 Figure (37)
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the equation of motion of the large mass is :

Sa=5x98~T (1)

the equation of motion of the large mass is :
3a=T-3x98 (2)

Adding (1) and (2)
Ba=2x98

a=2.45 m/sec’
We determine the tension in the string from equation (1)
T=5%98-245 = 5= 36.75 newtons

The pressure on the pulley is .
P =2T = 73.5 newtons

[V is the speed of the body of large mass ‘after descending 40cm. we have :
Vi =2x245x04=196

V = 1.4 m/sec.
The motion of a system of twe bodies, one of them meoving on a
smooth horizontal plane, the other moving vertically.
Consider two bodies my and my R =myg

connected by a string, the body of

mass m; 18 placed on a smooth

horizontal table and the string passes

over a small smooth pulley at the edge
of the table such that the body of mass
my, hangs vertically as in Fig. (38).

Figure (38) m 8
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We assume that the parl of the string presented over the (able is
parallel 10 the table and perpendicular to is edge. The system is allowed to
move, and it is required study the subsequent motion.

To study this problem, we consider separately the motion of each of
the bodies of masses m; and my in the vertical plane containing the pulley
and the bodies in their initial position.

Motion of the Body of mass m, :
This body of mass is subject to three forces .
- The force of magnitude m,g acting vertically downwards, where g is the
maguitude of the constant acceleration of the earth's gravity.
- The reaction in the table which is vertically wpwards since the table is
smooth. Let R be its magnitude.
- The tension in the horizontal part of the string, acting towards the pulley,
let its magnitude be T,
Since body of m; remains all the time on the table, therefore the sum
of the vertical components of the forces acting on it must vanish.
R=mg (1)

This relation determines the magnitude of the table's reaction.

Now, the only horizontal force acting on body of mass my is the
tension T, thus it will require an acceleration in the direction of that force (i.e.
towards the pulley). let "a" denotes its magnitude.

The equation of motion for the body of mass my on the table is :
mpa="T (2)
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Motion of the body of mass my :

Since the string remains tight all the time that hanging body of mass m; will
have vertically downwards with an acceleration whose magnitude is also a.
The force acting on the body of mass m; are-:
= The force of gravity of magnitude nyg, vertically downwards.

- The tension in the vertical part of the string. of magnitude T along the
vertical m upwards.
The equation of motion of the body of mass m; along the vertical is
mpa = g =T (3)
Adding (2) and (3)
(ny + my) a=mpg

From which we get a

-
e ny + my (4)

The tension in the string may be found from equation (2), after substituting
for "a" from equation (4)

The pressure on the pulley :

The string acts on the pulley
by two forces, each of maguitude T,
the. first detected towards body of
mass my and other lowards body of

mass my. The resultant of these two

v T
forces represents the pressure

excreted on the pulley, Jet P be its

Figure (39)

magnitude.

238 Dar Makka El Mokarama for Printing and Publishing



Chapter Two : Applications on Newion's laws

Mation an a rough plane

Since the two forces ol tension acting on the pulley, have equal
magnitudes, therefore the pressure bisects the angle subtended by them, i.e.
the pressure is it an inclination of 45° to the horizontal, its magnitude is
given by :

P=2Tcosgg—'

=2T cos 45°
SP=42T (5)

A body of mass 195gm rests on a smooth horizontal table, and is
connected by a string passing over a small smooth pulley at the edge of the
table to a hanging body of mass 5S0gm. The system is left to move, starting
from rest, when the first body is at a distance 100 em from the pulley. Find
the system's speed when the body of mass 195 gm reaches the pulley, find
also the pressure on the pulley.

Let the system have an

acceleration of magnitude a as
T
shown in Fig (40),the magnitude 195980 a
of the acceleration of gravity is Pigure (46)
980 cun/sec”.
50980
The equation of motion for the body of mass 195 gm is :
195a=T (1)

The equation of motion for the body of mass 50 g is !
S0a=50=x980~T (2)
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Adding (1) and (2)
245a =50 x 980
= a= 200 cm/sec’
Suppose that V is the speed of the body on the table as it reaches the pulley.
V¥ =2 % 200 * 100 = 40000
V = 200 co/sec
To determine the pressure on the pulley, we first obtain the tension in
the string Substituting fora, in equation (1) we get
T = 195 x 200 = 39000 dynes

The pressure on the pulley is
P =42 T =39000/2 dynes

Example (2) :

A body of mass 200 gm is placed on a smooth horizontal table having
two pulleys fixed at opposite edges, such that the body and the two pulleys
liec on a straight line perpendicular to the table's edge. From two opposite
points of the body, we fix two strings each passing over one of the pulleys. A
body of mass 180gm is hanged from the first string, and a body of mass
110gm is hanged from the second. If the system starts moving from rest,

determine the magnitude of its acceleration and the pressure on each of the
pulleys.

Solution

We expect the body of mass 130 gm to move vertically downwards et

its acceleration be vertically downwards with magnitude a. Since the strings
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Mation an a rough plane

are tight all the time, the other two bodies will have acceleration of
magnitude "&" for each, and whose directions are shown in Fig.(41). Let T,
T, be the magnitudes of the tensions. The magnitude of the acceleration of
gravity is g = 980 cv/sec’
The equation of motion for the body of mass 200gm placed on the table is
200a=T,~T, (1)
The equation of motion for the body of mass 180gm is :
180 a= 180 =980T, (2)

The equation for the body of mass 110gmis: A
110a="T;- 110 = 980 3) I

Adding equation (1), (2) and (3) we get .
(200 + 180+ 110) a=(180-110) =980 1

, 18'0' IIO 3 Fig“m (41)
=350+ 180+ 110 ™ 980= 140 cmi/sec

Since & > 0, our prediction that the larger mass will move vertically
downward is correct .To get the pressure on each of pulleys. we must first
find the tensions in the strings: Thus we substitute for "a" in equations (2) and
(3).

Ty = 180980 — a) = 180(980 — 140) = 1.512 = 10° dynes

Ty = 110(980 + a) = 110(980 + 140) = 1.232 = 10° dynes
The pressure on the first pulley :

Pi=1/2T =42 % 1.512% 10" = 1512002 dynes:

The pressure on the second pulley :
Pa=2 Ta=2 «1.232» 10" = 12320002 dynes
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Third application :
Motion of a system of two bodies, one of them is moving on a smooth

inclined plane and the other vertically. 3‘:'/'

A particle of body of mass ny
rests on the surface of O smooth plane
inclined at the angle a to the horizontal,

and is connected by a string passing

over a small smooth pulley at the top of

Figure (42)

the plane, to a body of mass m; hanging
vertically beneath the pulley as shown in Fig.(42). Assuming that the part of
the string on the plane is parallel to the line of greatest slope, if the system is
left to move from rest, what is the subsequent motion.

We do not know before hang the direction of motion of the system, we
thus consider two unit vectors e_;e;&me first along the line of greatest slope
(say, upwards), and the second verlical (say, downwards) Let "a" be the
algebraic measure of the acceleration of bedy of mass my relative to : Since
the string remains always tight, "a" is also the algebraic measure of the
acceleration of body of mass my relative to ¢;. This is consistent with the
following.

If body of mass my moves up the plane, body of mass ny will move
vertically downwards (a > 0), and if body of mass m; moves down the plane
body of mass m; will move vertically upwards (a <0).

Dar Makka El Mokarama for Printing and Publishing



Chapter Two - Applications on Newton's laws
Motion on a rough plane

The motion of body of mass m, :

- Its weight of magnitude myg along the downwards vertical. We

decompose this force into two components. One along the line of

greatest slope towards the bottom of the plane, of magnitude m; g sin 0,

-and the other normal to the plane and directed towards it of maguitude

body of mass my g cos 0.

- The reaction of the plane, This is normal to the plane and dirécied away

from it, let R be its magnitude.

- The tension in the string, acting along the line of greatest slope towards

the top of the plane, let T be its magnitude.

Since the body of mass my remains always on the inclined plane, the

sum of the components of the forces normal to the plane must vanish.

R-mygcos =0 (1)

Which determines the magnitude of the plane reaction.

The equation of motion of body of mass my :
mga=T-mgsint (2)
The motion of body of mass m; :

This mass is subject 1o two forces.

- Its weight vertically downwards, of magnitude mgg.

- The tension in the string vertically upwards of magnitude T,

The equation of motion of body of mass my :
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Mation on a rough plane

myg =mpg —T (3)
adding equations (2)-and (3)

(my + myp) a={my -y sin 9) g

From which we get "a" :

my—mysin® X
= my -~y

4)

We may now obtain the tension in string from equation (3} after substituting
for "a" from (4) We have three cases.

First :
Ifnp>mysin® . thena>0
and the body of mass my moves vertically downward where body of
mass my moves up the plane:
Second :
If my = my 5in © . then a=0and the system remains static
(or both bodies move uniformly, with the same speed),
Third :

I ny <my sin O , thena<0
and the body of mass my moves vertically upwards, while body of

mass my; moves down the plane.
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Chapter Two : Applications on Newion's laws
Mation an a rough plane

The pressure on the pulley :
The string exerts two forces on the pulley, each of magnitude T. the
first acting along the line of greatest slope downwards, and the second along
the downwards vertical. The resultant of these two forees is the pressure on
the pulley, let its magnitude be P. Since the two forces of tension acting on
the pulley have the same magnitude, and subtend an angle whose measure is
(90° - @) , thus the pressure on (90° - 0)
the pulley bisects this angle, i¢,
it is inclined to the downward

vertical by an angle whose

measure is ( 45°- g), The

magnitude of the pressure is
given by: Figure (43)
P=2T cos (45" - % )

Example (1) :

Twao bodies of masses 10, 8kg are connected by a string which passes
over, a small smooth pulley at the top of a smooth plane inclined to the
horizontal at 60°, while the other hanged vertically. If the system starts
motion from rest, prove that each of the bodies moves with an acceleration of
magnitude 0.36 m/sec’ approximately. Show that the body of mass Skg
moves vertically upwards, and find the pressure on the pulley.

Take a unit vietor e, parallel to the

line of greatest slope pointing down the
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o,
plane, take also €, a unit vector along the n "/ ) o e I
upward vertical. Let “a" be the algebraic 2 I
measure relative to ¢; of the acceleration
vector of the body of mass 10kgm. (a will PR Ieslatd A8x3
also be the algebraic measure relative 10 Figure (44)

'-e.;of the acceleration vector of the body of mass Skg).as shown in Fig. (44).
The acceleration of gravity has a magnitude g = 9.8 m/sec”
The equation of motion for the body of mass 10kg

lOu=le9;8xi2§—-T (1)
The equation of motion for the body of mass 8kg -

8a=T-8x98 (2)
addix_ag (1) and (2) we geta:

IS8 a=10x98 x%-s-an

a = 0.36 m/sec’

We observe that "a" tumed out to be positive, which means that the
directions which we specified for the accelerations of the bodies are actually
as shown in the figure. Thus the body of mass 8kg moves vertically upwards,
Substituting for a in equation (2), we get the magnitude of the tension in the
string.

Bx036=T-8x98

T=8x036+8x%x98

~ 81.28 newtons
The pressure on the pulley makes, with the downward vertical. an angle of

measure.
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Mation an a rough plane

45° -30% = 157, its magnitude is give, by
P =2 x81.28 xcos 15°

P =~ 157 newions.

Example (2) :
Two bodies of masses 5 and 4kg, are connected by a string. The large.
body is placed on a smooth plane inclined to the horizontal by an angle of

— 3 - :
measure ¢, where tan 0 = e The string passes over a small smooth pulley at

the top of the plane, so thal the other body hangs vertically below the pulley
as shown in Fig.(45).

If the system is allowed 1o move, find the magnitude of its
acceleration, and the tension in the string. If the string is cut-after one second
from the start of the motion, find the distance ascended by the body of mass
Skg up to plane from the moment the string was cut until it rests
instantancously :

Let'e, be a unit vector parallel to the line of greatest slope and directed

up the plane, and &, be a unit vector along the downward vertical.

Assume that a is the algebraic measure of the acceleration of the

bodies of masses 5 and 4 kg relative toannd'atespectivcly. We take

for the magnitude of the earth's acceleration g = 9.8 m/sec”.
The equation of motion the body of mass Skg : u
A

58=T—5x9.8>’<§' (1)

The equation of motion the body of mass 4kg :  5x98x3
4a=4x98-T (2)
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adding (1) and (2) we get !
9a=938

9 )
A= %'5' m/sec”

This means that the body of mass Skg moves up the plane, while the
body of mass 4kg moves vertically downwards.

We substitute for "a"™ in equation (2), to obtain the tension.
49

o 4x4 1 .
T=4x98~- :59 = ng newtons

After one second from the commencement of motion, the speed of body on

the plane is :
4
V=axl =‘I§“ m/sec

When the string is cut the body of mass Skg moves under the action
of the component of its weight parallel 1o the line of greatest slope, which is
directed down the plane. Thus it moves with a retarding acceleration whose
algebraic measure a, relative to em given by the relation :

a,=-5388 m/sec”

This acceleration will cause the body to slow until it comes to rest

instantaneously, The distance S traversed during this metion is given by
Vi-Vo'=2a S where v=o.vo=§—§-nv$ec

-(%)":us.ss.s

S=T:'s?gm.-_-0.lm or S~_-10cm
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I- A string passing round a small smooth pulley carries at its free ends,
X 1 1 : :
bodies of masses ) and 5 Kg. Determine the acceleration of the system and

the pressure on the pulley.

2- Two bodies of masses 125 and 120 gm hang from the ends of a string
which passes over a small smooth pulley. Find their common aceeleration
and the pressure on the pulley. IT the motion starts when the two bodies are
on the same horizontal level, what is the vertical distance between them
afler one second.

3- Two bodies of masses of 4 and 4.1kg are connected by a string of length
150cm, passing over a small smooth pulley, and the two parts of the string
are vertical. Prove that the resulting -acceleration has a magnitude of
12em/sec” approximately and if the motion starts from rest when the body
of large mass is at the pulley, what is the speed of the body of small mass
when it reaches the pulley.

4- A string passing round a smooth pulley, holds at its free end, a body of
mass 4kg, and at the other end two bodies of masses 3kg and 2kg, are
attached. If the system starts moving from rest, find its acceleration. and
the speed acquired by the body of mass 4kg, after 3 seconds. If at this

7 .
moment, the body of mass 2kg is removed, show that a time of 3 sec will

elapse before the body of mass 4kg will first come to rest.

5+ Two bodies of masses 4 and 10kg are connected by a string passing over a
small smooth pulley. Find the common acceleration and the pressure on

2
the pulley. IT 5 of the body of large mass is separated from the system,

4 4
show that the pressure on the pulley islg_()() of its previous value,
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6- Two bodies of masses 20 and 960gm are connected by a string passing over
a smooth pulley at the table's edge. The body of larger mass is placed on
the table, while the small mass hangs vertically below the pulley, such that
the horizontal part of the string is perpendicular to the table's edge. Find :

1) the system's acceleration.
1) The tension is the string.
iii) The pressure on the pulley.

7- A body of mass 3kg placed on a smooth horizontal table, is comnected by a
string passing over a pulley at the table's edge to a body of mass 0.675kg.
The horizontal part of the string is perpendicular 1o the table's edge. Find
the acceleration of the system. If the motion starts from rest, when the
body of larger mass is at a distance of 250cm from the pulley, find its
speed when just about to hit the pulley.

8- A body of mass 100gm is placed on smooth horizontal table from two
opposite points in the body we fix two strings each of them passing over a
pulley at the table's edge, such that the body and the pulleys lie on a
straight line perpendicular to the table's edge. Two bodies of masses 300
and 350gm hang from the free ends of the swrings. Determine the
magnitude of the system's acceleration, and the lension in each string.

9- Two string are fixed to a body of mass 300gm from two oppesite points of
it. The body is placed on a smooth horizontal table having two pulleys A,
B fixed at the table's opposite edges such that the body and pulley lie on a
straight line perpendicular to the edge of the table. Each of the string
passes over pulleys. From the Iree ends ol the string passing over pulieys
A, B respectively of two bodies of mass 300 , 200gm.Hang vertically
below the pulley, The system is left to move string from rest, The body on
the table is at a distance 245cm from the pulley A. After one second from
the commencement of motion one third of the body of mass 300gm is
separated. Show that the body of mass 500gm bits the pulley A after two
more seconds.
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10-

11-

12~

13-

Two bodies of equal masses 2kg each are connected by a string. One of
the bodies is placed on a smooth plane inclined to the horizontal by an
angle whose measure is 30°, and the string passes over a smail smooth
pulley at the top of the plane, such that the other body hang vertically
below the pulley. Find the acceleration of the system, and the tension in
the string. Find also the pressure on the pulley.

Two bodies of masses 60, 20gm, are connected by 2 string which passes round
a small smooth pulleys fixed at the top of smooth plane inclined by an angle
of measure 30" with the horizontal. The first body rests on the plane while the
second hangs vertically below the pulley. Determine the acceleration of the
system, the tension in the string, and the pressure on the pulley.

A body of mass 60gm is tied 1o a string and placed on 2 smooth plane
which makes an angle of measure 30" with the horizontal. The string
passes over a small smooth pulley at the top of the plane, and holds a body
of mass 40gm vertically below the pulley, find the system's acceleration. 1f
the system starts its motion from rést when the body on the plane is at a
distance 196cm from the pulley, when does the body reach the pulley?
Two bodies of masses 4, 3kg are connected by a string which passes over
a small smooth pulley fixed at the top of a plane at an inclination of
measure 307 with the horizontal. The first body is placed on the plane,
while the second hangs vertically below the pulley Find the system's
acceleration and the pressure on the pulley, and if the system starts moving
from rest and the string is cut after 3 second from the start of motion, what

is the distance traversed by the body on the plane before it comes to rest

instantaneously?
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14- Two bodies x and v of mass 132 and [08gm respectively are tied 10 the

two ends of a thread passing through a smooth vertical pulley. The body
(v) is tied 10 another thread of length 60cm and carries at its other end a
body (2) of body of mass 90gm which hangs vertically. The system began
its motion when the body (z) was at a height 12.5¢cm above the ground.
Prove that the body (¥) rests instantaneously when it is 35cm above the

ground.

15- Two bodies A and B, each of mass m gm are tied 1o the two ends of a

to
Ve

thread passing through a smooth vertical pulley so that they hang
vertically. A body of mass 35gm is added 1o the body A and the system
began its motion from rest. Prove that the acceleration of the system is

35¢
2m + 35

the ground after witting a distance S0cm and the body B continues its

emi/sec’, where g is the acceleration of gravity, If the body A hits

motion till it is 60c¢cm above it starting position and comes to rest, find the
value of m.
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Chapter Two : Applications on Newton's laws

Motion on a rough plane

Motion on a rough plane

Under the heading " Applications on Newton's laws ", we considered the
motion of a system of two bodies connected by a string when either of the
bodies or both of them move on a smooth plane. The motion of this system
will be considered now where the plane is assumed rough, consequently a
pew force will appear in the equations of motion, namely, the friction
between the body and the plane.

In the section on static’s, we have dealt in detail with friction. Here, we
shall only give the basic rules which have to be observed when dealing with
motion on a rough plane :

[- The friction is always directed ‘against the direction of actual or

possible motion.

2- As the force tending to cause motion increases, until it reaches a
maximum value which can not be surpassed. In which case, the body
is just about to move and the friction exerted is called limiting friction.

3- When nwotion occurs, the friction is the limiting friction. If i denotes
the coefficient of friction, R denotes the magnitude of the normal
reaction, fdenotes the magnitude of limiting friction, we have :

f=uR

A body of mass 3kg placed on arough horizomtal plane is connected by a

string which passes round a smooth pulley at the plane's edge, to a mass of
. ]
2kg, If the coelficient of [riction is 3 find the acceleration of the system and

the distance traversed in one second.
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R

The forces acting on each of the én FL_'T.
bodies shown in Fig. (46). «——{S000—>—~
Let the magnitude of the system's ”J T
acceleration be " a ", since the body b l
on the plane has no vertical motion, it :
is clear that the vertical forces 2000 % 980
Figure. (46)

exerted on it are balanced.
R = 3000 x 980 dynes

Since the body on the plane is in motion, therefore the friction is the limiting
friction.

F=uR

=3 % 3000 x 980 dynes

The equation of motion for the body on the plane is :

3000a=T -.';' x 3000 x 980

The equation of motion for the mass 2kg is ;
2000 xa=2000x980-T

Adding equations (1) and (2) :
. 5000a = 2000 x 980 — 1000 x 980
~oa= 196 cmfsec”

To get the distance required, we use the formula

|
S=v¢,t+-2--at2

x196x 1 =98 em

[ P
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Mation an a rough plane

Example (2) :

In the previous, if the system starts motion [orces rest and the hanged
body is at a height 50 ¢m above the ground, lind the distance traversed by the
body on the plane before it comes 1o rest.

Solution

¢4 »

We first obtain the speed acquired uR %

by the system when the hanging body
Figure. (47)
reaches the ground, from the formula.
Vi=Vo +2aS$
A VE=0+2 %196 x50
&V = 140 envsec”
As the hanged body reaches the ground it rests on it, and the body on the

plane becomes subject to the friction only, This is shown in Fig. (47). This

causes it o decelerate, its equation of motion being.
-1
3000a = 3 X 3000 x 980

La=- %80 c.n'i/sec.2

But the initial velocity of the body for this motion is 140 ¢cm/sec so to get the
distance traversed by the body until it comes to rest we use
Vz - Voz +2a S

0= (140" -2 xgg_q xS

S S=30cm

o
n
tn
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Example (3) :

A body is placed on the top of a rough inclined plane of length 250cm.
and height 150cm. The body starts sliding down the plane, if the coefficient

1
of friction is 5, find the acceleration of the body ,its speed after it has moved

250 cm on the plane , and if the body be projected from the lowest point, find

the minimum speed of projection so that the body reaches the highest point.

Solution

MA =250cm ., BA=150cm., MB=200cm

R .| B o200

The body slides downwards, thus the friction [ acts upwards and is equal
to 4 R, where R is the normal reaction Fig. (15). Resolving along the
direction of greatest slope in the plane.

ma=mgsinz-uR (1)
resolving along the normal 1o the plane,

R=mg cos (2)
( the acceleration in the direction of the normal to the plane is zero ).
Substituting for R from (2) in (1), we get

ma=mgsin - mgcos o (3)

soa=g(sing-peost) (4)

s a=980(06 -%.x 0.8 )= 196 cm/sec”
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To obtain the speed of the body after travelling 200 cm, we use :
Vi=2a3
F-uR

-

R

150em

AT B M
) | v \
mg mg
Figure, (48) Figure, (49)

V=2 %196 % 200
V =280 cmfsec
Second :

Since the body moves up the plane, therefore. the friction is down the
plane, Fig. (49). Resolving along the plane and the normal to it, we have :
ma=-mgsinz-puR
R=mgcoso

1
ma=-mgsino-3mgcos o (5)

a=-g(sino+pHeos &)
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a=-980(0.6+-;‘x0.8).

a = - 980 cnmsec’
To:get the minimum speed of projection, which allows the body to reach
the top we set V =0, § =250 ¢m and a = - 980 cm/sec” in the relation.
VZ - V02 - - 2 asS
0=V, -2 x980 x 250
Vo = 1960 % 250
Vo= 700 cma/sec

Example (4) :

A body of mass 10gm rests on a rough plane inclined by an angle of
measure 30 to the horizontal, The body is connected by a string which passes

round a small smooth pulley fixed at the plane’s top, to a body of mass | 5gm
|
which hangs vertically. If the coefficient of friction is Vi‘. find the time

which passes before the first body moves a distance 100cm on the plane, and
obtain its speed then.
Referring to Fig. (50) the equations of motion of the mass 10gm along
the plane and the normal to the plane are :
10a=T~-10x gsin30- uR (1)
R = 10g cos 30° (2)

The equation of motion for the second body is :
Sa=15g~-T (3)

Figure. (50)

Substituting for R from (2) in (1)
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A3

L 1 |
lOa:T-ngqug-x 10gx~5

10a=T~-10¢g
Adding (3) and (4)
25a=S5¢

a:%q = 196 cmisec’

To get the time required o traverse a distance of 100cm starting from

rest, with an acceleration l96cmlse‘(:2. we use the formula !

1

100:% %196 x (*

» 200
"=Jaz
196
_5\2
= 7 sec
To obtain the speed we use :
vi=2a8
=2x 196x 100

V= 14042 emisec
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Exercises (2-2)

1- A body of mass 60 gm placed on a horizontal table is connected by a
string which passed over a small smooth pulley at the table’s edge, to mass
30gm hanging vertically. Find the acceleration of the system, where
coefficient of friction is 0.5

Two bodies of masses 50 and 30gm are tied to the ends of a string which

passes round a smooth pulley fixed at the edge of a horizontal plane. The

first body rests on the plane, and the second hangs vertically, find the
acceleration and the tension in the siring, given that the coefficient of

friction 0.2,

3- A body of mass 40gm resting on a horizontal plane is connected, by a
string which passes round a smooth pulley at the plane's edge, to a body of
mass 30gm which hangs vertically. If the coefficient of friction is 0.5, find
the -acceleration of the system and the distance traversed after 7 seconds
from the start of motion.

4- Two equal bodies of masses 40gm each are connected by a string which
passes over a smooth pulley fixed at the edge of a horizontal table. One of
the bodies is placed on the table while the other hangs vertically. The
motion starts from rest when the hanging body is at a height of 10cm above
the ground. Find the distance traversed by the body on the table before it
comes 1o rest, where the coefficient of friction is 0.5.

5- In a factory, boxes are transmifted by sliding them on an inclined plane of
length [5m and height 9m. If a box starts from rest at the top of the plane,
find its speed when it reaches the bottom of the plane, (i) when the plane is
smooth, (ii) when the plane is rough, the coeflicient of frication being 0.25.

6- A body slides from the top of an inclined plane of tength 4.5 m. and height
2.7 m stating from rest, Determine is speed as it reaches the bottom of the
plane, given that the coefficient of friction is 0.5.

7- A body slides on a rongh plane inclined to the horizontal by an angle of
measure 45°. If the coeflicient of friction is 0.75, show that the time
required to fraverse a given distance is twice the time required to traverse
the same distance, had the plane been smooth.

=
‘
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8- A body of mass 50gm is placed on a rough horizontal table the coefficient
1
of friction being 5 The body is connected by a string passing over a

smooth pulley at the lable’s edge. to a body of mass 3Cem. Find the
system's acceleration.

9- Two equal bodies of masses 20gm are connected by a string which passes
over a pulley at the edge of a rough horizontal table. One of the bodies is
placed on the table at a distance 15em from the pulley, the other hangs
vertically at a height of 10cm above the ground. If the coefficient of

covioys 3 ;
friction is 5. and lhe system starts motion from rest, prove that the

acceleration of the system is 245 cm/sec’.

Find the speed when the hanged body reaches the ground, and the distance
traversed by the other body after that, before it comes to rest,

10- A body of mass 120gm rests on a rough plane inclined to the horizontal

. 3 : . .
by an angle whose tangent is 7. The body is connected, by a string which
passes over a smooth pulley fixed at the top of the plane, to a body of mass

| 2
160gm. If the coefficient of [riction is 3 and the system starts its motion

from rest, determine the distance traversed in three seconds.
I1- A body of mass 350gm is placed on a rough planed inclined 0 the

; N -~
horizontal at an angle whose tangent is 4 - The body is tied to one end of

light string which passes through a smooth pulley fixed at the top of the
plane. The other end of the string carries a balance scale of body of mass

_ 1
T0gm. If the coefficient of friction between the body and the plane is A

find the least mass of the body that must be put on the scale so that the
body remains at rest. If an additional body of mass 280gm is put on the
scale, find the acceleration of motion and the tension in the string.

12- A body of mass 200gm is placed on & rough horizontal plane and tied to
one end of a light string passing though a smooth pulley fixed at the end of
the table. The other end of the string carries a 200gm body which hangs
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vertically. The system starts its motion from rest when the string was tight,
and the hanging body is 90cm above the ground, and the bedy on the table,
is 135cm from the pulley. If the coefficient of friction between the body

- l - .
and the plane is 5 , prove that the system moves with aun acceleration of 145

cmy/sec” and find the velocity of the system when the hanging body hits the
ground. Would the body on the table reach the pulley? Explain your
answer.

13- A rough plane is inclined to the horizontal at an angle 30° and is joined at
its top to another rough horizontal plane. A body of mass 60gm is placed
on the horizontal plane and joined to one end of a string which passes
through a smooth pulley fixed at the common edge of the two planes. A
body of mass of 100gm is joined to the other end of the string and is placed
on the inclined plane. If both branches of the string are perpendicular to the
common edge find the acceleration of the system and the tension in the
string given that the coefficient of Iriction between the first body and the

1
horizontal plane is Zand between the body and the inclined second plane is

1 3 A
'275'. If the string is cut after 4 seconds from the start of motion lind the

total distance that the body of mass 60 gm moves before coming to rest.
[4- A body of mass 250gm is placed on a rough plane inclined to the

‘ . 4 ¢ v
horizontal at an angle whose tangent is 3. The body is joined to one end of

a string passing through a4 pulley fixed at the top of the plane. Al the other
end of the string, a body of mass k gm hangs vertically, If the least value of
k necessary to keep the body at the rest on the plane is 150gm. prove that

|
the coefficient of friction between the body and the plane is 3 If a body of

mass 350gm is hanged from the free end of the string, find the acceleration
of motion of the system.
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Chapfer Three

Impulse and Collision

Preface :
In this chapter we will deal with: The effect of a fixed forces on a particle
for an infinitesimal time interval and the study of the impact of smooth

spheres .

Objectives:

By the end of teaching this chapter, the student should be able to:
(1) Recognize the concept of impulse .

(2) Recognize the impulsive force,

(3) Recognize the relation between impulse and the change of
momentum,

(4) Recognize that sum of momentum of two bodies before impact =
their sum after impact.

Topics :
(1) Impulse.
(2) Impulsive force.

(3) Collision .



Impulse and Collision

Introduction :

In many cases we have to deal with some kinds of motion in
which the velocity vector of a body changes substantially either in
magnitude or direction or both during a very short time, as it
happens in many phenomena or our daily life, such as the impact of
the wheels of aeroplanes on the runways when landing, the coupling
of a train engine with the trucks, collision of cars, etc...

In such cases, the study of the motion of a body during these
very short intervals is very difficult, and in fact impossible, due to the
interference of many factors such as the change in the shape of the
colliding bodies, the mutual heat effects, etc.

To overcome these difficulties, we can use the experimental and

laboratory laws which give us some information about what happens

during this short interval of time, in which it is difficult to study the
motion and using this information to study the motion, and to find a
relation between the state of the body before and after this drastic
change in the velocity vector.

Thus, it is useful to introduce the concept of "Impulse” and
"Impulsive forces” and that is what we are going to discuss in what

follows.
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Chapter Three ; impulse and Collision

Impulse :
.
If a constant force F acts on a particle of constant mass during a
time Interval {, we define the impulse of this force, denoted by 1 as

the product of the force vector and the time of its action.

. 4

l=F t (1)

It is clear from this definition that the impulse is a vector in the
same direction as the force vector.

We can also write the following relation between the magnitude
of the impulse vector and the magnitGde of the force vector,

I=Ft (2)

If the magnitude of the force is finite, the magnitude of its
impulse tends to zero when the Ume interval of action tends to zero,
as it is clear from (2). In our study we will be concerned only with
rectilinear motion under the action of a constant foree parallel to this

line,

Theorem :
If a constant force acts on a particle for an infinitestimal interval
of time, the change in the momentum during this interval is equal to

the impulse of the force,
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Proof :

Consider two positions of the particle at two very close Instants
of time, t, t + h, let H, H' be the algebraic measures of its momentum
al these two instants respectively relative to a unit vector parallel to

the straight line on which motion occurs.
dH

From Newton's second law ! ok F
where F is the algebraic measure of the force.
since 9..&'. = lim H-H
h— 0.
we can write ‘:’? = H.'; H approximately
H -H
= F
h

ie. H-H=Fh
but the right hand side of this relation is equal to the impulse of
the force during the interval of time h.
I=H-H (1)
If m is the mass of the particle is constuant v, v' be the algebraic

measures of the velocity vectors at the instants (, L + h respectively we

can wrile the last relation in the form,

I=mv ~-muv (2)
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Impulsive Forces :

Consider now a special kind of the forces which is characterized
by the following property : "When the interval of action of the force
decreases the magnitude of the force increases so that the following
relation is satisfied.

4 =
lim ( F t) = a finite non-zero number,
t =0

The force in this case is called an Impulsive foree its impulse s
defined 3s follows
-\ A
= lim (Fy20
t— 0
IU's magnitude
t= Hm (Fqx0
t=+0
And thus an impulsive force ;
1. acts on the body during an infinitestimal interval of time.

2. its magnitude is infinitely great.
3. the magnitude of its impulsc is finite and not equal to zero (or its
impulge vecotr i$ of finite magnitade, and is not equal to the zero
vector).,

It can be proved that relation (1) is still true In case of impulsive

forces.

Units of measurements of the magnitude of impulse :

From the definition of impulse we have
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Unit of measuring magnitude of impulse
= unit of measuring magnitude of force x unit of measuring
time.

and thus the units of measuring magnitude of impulse, may be !
newton. second, or dyne. second, etc............

Also, we can express units of measuring magnitude of impulse in
another way by noticing that

Magnitude of impulse = magnitude of change in momentum.

Unit of measuring magnitude of impulse.

= unit of measuring magnitude of mass x unit of measuring

magnitude of velocity and thus the unit of measuring magnitude of

impulse may be :

kilogram. metre/second or gram. centimetre/second etc. If we
adopt the above table of units, then :

1. If the mass is measured in kilogram, magnitude of velocity in
metre per second, the unit of magnitude of impulse will be
kg .m/sec or newton. second.

2. If the mass is measured in gram, magnitude of velocity in
centimetre per second, the unit of magnitude of impulse will be’

gm.m/sec or dyne. second.
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Impact :

Impact of smooth spheres :

Il two spheres collide, so that
we can consider this collision
Instantaneous, [(i.e. it lasts a very
short time) and assuming that the

two spheres keep their shape, then

the impact between them occurs at
a single point which is their point
of contact at the Instant of collision. Fig. (51)

At this instant each sphere acts on the other with a certain force
so that these two forces satisfy Newton's third law, 1.¢. they are equal
in magnitude and in opposite diréctions. It is natural to believe that
the mutual forces between the twoa spheres are Impulsive forces,
Since we notice a substantial change in the velocities of the spheres
just before and after impact during the infinitestimal time of impact.

Thus the impulse of the first sphere on the second is equal in
magunitude and opposile in direction to the impulse of the second
sphere on the first,

It was found experimentally that if the two spheres are smooth,

the force with which each sphere acts on the other will be along the

line of centres at the instant of impact.

o
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It the velocities just before impact are parallel to the line of:
cenires al the instant of impact, the impact is called direct impact,
otherwise it is called indirect or oblique Impact. This last kind of
impact is outside the scope of this book.

In whalt follows we are going to
consider the direct impact of two
smooth spheres.

Let m;, m, be the masses of the
two spheres, T the imphilse of the
second sphere on the first. VT ;.:
the velocily vectors of the two

—
spheres just before impact, v, , v,

their velocity vectors just after

Impacet,

Fig. (52)
the change in momentum of each sphere
= the impulse acting on it.
For the first sphere ;
—_— —, g T
ml Vl - ml Vl = 1
—_— -
but the two vectors v , I aré parallel to the line of centres,
—_—

therefore the vector v° is also parallel to this line.
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For the second sphere :

— — -
My Vi ~My vy == 1
. -
Since each of the vectors v, ., - [ is parallel to the line of

centres, therefore '\7:; is also parallel to this line.

Thus we reach the following important result :

"In direct impact the velocities just after impact are parallel to
the lines of centres”.

Adding the last two relations, we get !

a— — — — —
(my vy -my vy) +(mygv, ~-myvy)=0
— —— — —
ml V) +m2 Vg = m‘ V| + m2 Va

and thus the following theorem is satisfied :

Theorem :

If two smooth spheres collide, then the sum of their momentum
does not change as a result of impact . Since the velocities before
and after impact are parallel to the direction of the line of centres at
the mstant of impact, we can use the algebraic measures of the
velocity vectors, and impuise instead of the vectors itself.

Consider the straight line coincident with the line of centres at
the Instant of impact, and choose a unit vector 2 determining the

positive direction Fig. (53).
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v, v,
just before o postive
impact é direction
T
| v, v,
just before P s cconsdbuecanarreny > posﬁve
impact A direction
T
Fig. (53)

Let 1 be the algebraic measure of the impulse of the second
sphere on the first one, v, , v, the algebraic measures of their
velocities just before impact and, vl' - vz. the algebraic measures of

their velocities just alter impact, the above relations take the

following forms :
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my vy -myy, =1 (1)
my, v._" - My = -l (2)
My vy 4 MoV, = myvy+ my vy (3)

Example (1) :

A smooth sphere of mass 200 gm moves in a straight lien on a
horizontal ground with velocity 10m/sec. If this sphere Impinges on a
smooth vertical wall normal to the direction of its velocity, and U

rebounds from it with a velocity 2 m/sec. Find the magnitude of the

impulse of the wall on the sphere.

Solation ;

Consider the positive direction

Vl = ‘10
on the straight line on which the Mg ——————
A
motion occurs as shown mn Fig. (54), ¢
> ®
Consider the wall as a smooth
sphere of a very large radius {and of —_—
Vl =2
a very large mass)
Fig. (54)
vi= - 10m/fsee v, =2 m/sce m, =200 gm.
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Applying relation (2)

200 x2 -200 % (-10) = |

I =200 (2+ 10)=200x 12 =2400 gm m/sec
notice that the units of impulse are not uniform (although it is true)
since It eontains the gram and metre together. If we want to express
the magnitude of the impulse {n uniform units we have to transfer to
unit of kilogram [M.K.S. system) or change the magnitude of velocity
to unit of em/see. (C.G.S.) system).

In the first case put m, = 0.2 kg.

l = 0.2 x 12

2.4 kg. m/sec.

2.4 newtons. sec

In the second case put v, = 1000 em/sce. vy = 200 em/sec.
I = 200 x 1200

2.4 x 10° gm.cm/sec,

2.4% 10° dyne sec.

Example (2) :

Two smooth spheres each of mass 200 gm are moving in the
same straight line on a horizontal ground the first with velocity 5
m/sec, and the second with velocity 9 m/sec. in the same direction

as the first, If the two spheres collide, find the velocit of each just
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after impact, given that the magnitude of the impulse of the second

sphere on the first is equal to 0.6 x 10° dynes.

Let the positive direction Just before tmpact

be that the velocity vectors just

before impact Fig. (55)

A

V| = 5 m/see,

\92 = 9 "l/SCC. Mllﬁﬂ' mt
Since the impuise of the » &

N
AR
>
_ &
second sphere on the [irst U
Fig 55

sphere is in the positive

diréction,

I=06x 10° dyne. sec

Since the units of veloeity and impulse are not uniform, we have
to change the veocities to units of cm/sec. or the magoitude of
impulse to units of newton. second.

Choosing the lirst method v, = 500 ¢m/sec,

vy = 800 cm/sec.
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Applying relation (2) on the first sphere

y - - _l— = 5 m = »(?
V) =V ~ 500 + 200 BO0O em/sec.
Applying relation (2) on the second sphere

. 1 60000
Va =V »E— = 200 - 200 = 600 cm/sec.

Therefore the two spheres move after impact in the same
direction as that before impact, the first with velocity 8 m/sec. and

the second with velocity 6 m /sec.

Example (3) :

Two spheres are moving in the same straight line on a herizontal

gorund, one of them towards the other, If the mass of the first is 100
gm and is moving with wvelocity 10 m/se¢, the mass of the second is
300 gm and is moving with velocity 2 m/sec.

Find the velocity of the second sphere just after impact and its
impulse on the first sphere given that the first sphere rebounds just
after impact in a direction opposite to its original direction with a

velocity 8 m/sec.

Solution :

Let the positive direction be the direction of motion of the first

sphere, lig. (56)
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vy = 10 m/sec.
vy = -2 m/sec.

v = -8 m/sec.

Expressing the masses in
units of kilogram, we have

my = 0.1 kg, my = 0.3 kg.

Applying relation (2) to

the first sphere

i
Vx =V]+——
m;

|
-8 =1 e Tealie
8 0+ 5.1
&1 =~ 1.8 newton.second
t.e. the magnitude of the impulse of the second sphere on the
first:sphere is equal to 1.8 newton, second.

Substituting in relation (2} for the second sphere

4 m/sec.

which means that the second sphere rebounds after impact in a

direction opposite to its original direciton with velocit 4 m/sec.
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A railrood car of mmass 21 tons moves with the velocity 14 mjsec,
A barrier of collision brought 1t to rest through 0.3 second. Find
the magnitude of the impulse and the magnitude of the average
foree in ton. wt.

A sphere of mass 50 gm falls from a height + of 2.5 metres on a
horizontal ground and it rebounds from the ground to a height of
0.9 metre. Find average force between the sphere and the
ground I the time during which they are in contact be 0.}
second.

A sphere of miass 500 gim falls from a height of 2.5 metres on a
liquid surface and penetrated in it with a uniform velocily and
described 3.5 metres in 2 minutes. Calculate the impuise of the
liquid on the sphere.

A smooth sphere of mass 150 gm moves in a straight line cn a
horizontal ground with a velocity 0.6 m/sec. The sphere
impinges with a vertical wall perpendicular to its direction of
motion, it rebounds with a velocity 20 cm/sec, determine the
impulse of the wall on the sphere.

A sphere of mass 400 gm moving on a horizonal ground with
velocity 100 em/see, impinges directly with a vertical wall. If
the wall acts on the sphere with an impulse of magnitude 0.48
newton. second, find the veloeity of rebound of the sphere.

Two smooth spheres of masses 0.2 kg, 0.4 kg are moving on a

herizontal ground, in the same straight line. I the velocitly ol the
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first is 6 m/sce, and the velocity of the second is 8 m/sec. and in
the same direction as the first. The two spheres collide, and the
velocity of the first increased in magnitude by 2 m/sec. Find the
velocity of the second just after impact and the magnitude of the
impuise of each sphere on the other.

7. Two smooth spheres of masses 100 gm, 200 gm are moving on
horizontal ground in the same straight line, the velocity of the
first is 1 m/sec. and the velocity of the second is '2 m/sec. in an
opposite dircetion. Il the two spheres collide, so that the sccond
sphere moves in the same dircetion with velocity 0.75 m/sec,
after impact, find the velocity of the first sphere and the impulse
of the sccond sphere on it

8. A smooth sphere of mass 200 gm moves in a straight line on a
horizontal table with velocity 60 cm/sec. The sphere impinges
on a smooth sphere of mass 400 gm at rest on the table. If the
first sphere came to rest as a result of impact, prove that the
second moves with velocity 30 em/sec. after impact, then find
the magnitude of the mutual impulse between the two spheres.

9. Two bodies of masses 200 gm, 800 gm move in the same
straight line on a horizontal table with a velocity 4 m/sec. in two
opposite directions.  the two bodies move after linpact as one

body, find the velocity after impact.
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10.

11,

12,

13.

Two smooth spheres of masses m, 2 m move on a smooth
horizontal table in the same straight line and in the same
direction. so that the smaller sphere is in front and moving with
velocity 10 m/sec. and the bigger one at the back and moving
with velocity 12 m/sec. After impact the smaller sphere moves
in its previous direction of motion with velocity 12 m/sec¢, what
is the velocity of the bigger one after impact ?

Two smooth spheres of equal mass are projected on a smooth
horizontal table, such that they moves in the same straight line,
the first with velocity 30 cm/sec. and the second with veloicty
20 cm/sec. in an oppositve direction to the first. If the second
sphere rebounds after impact with velocity 10 em/sce. Find (he
velocity of the first sphere after impact.

Two smooth spheres are projected on a smooth horizontal table
so that they move in the same straight line and in the same
direction. If the mass of the front sphere is 500 gm, and the
magnitude of its velocity is 20 cm/sec, the mass of the back
sphere is 200 gm and the magnitude of its velocity 50 c¢m/sec,
find the velocity of the two spheres after impact given that they
became one body.

Two smooth spheres each of mass 400 gm move in a straight

line on a smooth horizontal table with velocity 4 m/sec. in the
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same direction and there is a distance between them, A barrier
is placed on the table so that it cuts the path of the two spheres
at right angles, and the front sphere impinges with it and
rebounds to collide with the back sphere, then it rebounds once
more with velocity 2m/sec. Find the velocity of the back sphere
after impact given that the barrier acts on the first sphere with
an impulse of magnitude 2.8 newton second.

14. A ball of mass 1/2 kg falls from a height 3.6 m on a horizontal
ground and rebounds to a height 1.6 m. Find the average force
between the ball and the ground if the time during which they
are in contact is 0.01 sec.

15. A bullet of mass 15 gm is fired with a velocity 1450.8
metres/minutes on a target at rest of mass 2 kg. If the bullet and
the target moves as one body directly after the impact. Prove
that the body move with a velocity 18 cm/sec after the impact,

If the body came to rest after having covered 8lem, find the
resistance force given that it is constant.

16. A ball of mass 1/2 kg moving in a straight line with velocity 44
cm/sec. collides with another ball of mass 1 -%- kg which is at
rest. If they form one body after the impact, find its common

velocity. if the body came to rest after having covered 11cm, find

the resistance force given that it is constant.
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17.

18.

19.

A ball of mass 120 gm moving with uniform velocity 40 em/sec.
passes by a certain point, after one minute another body of mass
80 gm starting motion with uniform acceleration 4 cm/sec? and
initial velocity 60 cm/sec in the same direction. If they form one
body alter the impact, find the common velocity, find also the
time taken Lill this body comes to rest given that the resistance
force is 3840 dyne ,

A smooth inclined plane is of length AC = 19.6 metres and B e
AC, AB = BC and the plane inclined at an angle of measure 30° to
the horizontal, A ball of mass 3 gm is placed at A the top of the
plane and moved on AC collides another ball of mass 1 gm at

rest at B. If the two balls moved as one body after the impact,
find the time taken after impact till the body reached C.

A ball of mass | kg. falled from a height 4.9m on a horizontal
ground and rebounded to the maximum height 2.5m. Find the
change in its momentum due to impactthen find the magnitude of

the reaction of the ground on the ball if the time during which they
are in contact is 0.1 sec.
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Chapfter Four

Work - Power - Energy

Preface :

In this chapter we will deal with: Work, Power and Energy .

Objectives:

By the end of teaching this chapter, the student should be able to:
(1) Recognize the work done by a force and its units.

(2) Recognize the concept of power, its units.

(3) Recognize the Kinetic energy and its units.

(4) Recognize the Principle of work and energy.

(5) Recognize the Potential energy.

Topics :
(1) Work.
(2) Power.

(3) Energy.



Work - Power - Energy

Work, power. energy are considered of the main concepts in
mechanics, and closely related to our practical life. For example heat
engines, motors consume energy and give us work which we use in
different fields, and thus we have to determine precise definitions to
these concepts, and try to extract the relations between these
concepts and other motion characteristics such as displaceent

velocity, acceleration and force.
In what follows, we are going to be concerned with the definiion

of work, power, energy for a constant force, taking into consideration

the possiblity of application on the motion under the action of the

gravitational force. considered constant.

Notice that when we speak about a force acting on a particle we

mean the resultant of the forces acting on it.

Work done by a constant force :
Consider a particle moving
in a straight line under the
action of a vonstant force ? let
the particle move from the

initial position A to a new

position B as in Fig. (57), and let 4 ——
—_—
S

its displacement vector be
i —
s = AB Fig. (57)
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Definition :

The work done by the constant force ? in moving the particle
from an initial position to a final position, denoted by W is defined as
the scalar product of the force vector times the displacement vector.
4 W=Fga (1)

From this definition it ts clear that the work is a scalar quantity,
which may be¢ positive, negative or zero, according to the magnitude
and direction of both the two vectors ¥, S, and that work is defined
between two positions (or betwen two time instants), one of them
initial and the other final.

Also we can deduce directly from the definition that the
magnitude of work is independent of the path on which the particle
moves from the initial position to the final position, but depends only
on these two positions. Fig. [58) shows two cases of motion of a
particle, in which the work done is the same (provided the acting

force is the same in both cases).

A\‘B A/_—B\

C

. &=
- 3
F F
motion from A to B motion from A to C . then from Cto B
Fig. (58-a) Fig. (58-b)
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As a special case if a particle moves from a certain position and

réturns to the same position, the work done during the path is equal

to zero.

This property can be- easily verified if we notice that the

displacement vector in this case in the zero vector.

If © is the measure of angle
—_ >
hetween the two veetors F s
drawn from the same point Fig.
(59), relation (1) ¢an be written
in the form :
w o= [Fl 5] cose @
Fig. (60) shows some different

cases of the two vectors of force

and displacement.

Fig. (59)

@)

.
*F
—
F
- 8
(8 5 ]
W >0 W =0

Fig. (60)

W < O
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N.B.:
When the work done between two positions is negative we call it a
resisting work, as an example, the work done by a resisting force on the

bedy or foree of friction, which will be (llustrated through the examples.

Example (1) :

a particle moves In a straight line under the action of the force
—
F:S?-33\. from the point A = (1 , 0) to the point B = (3 |, 3)
where coordinates are referred to a system of rectangular cartesian

coordinates OX , OY . Find the work done.

Solution :

Fig. (61) shows the position of

—

the two points A, B lreflerred to B (3.3)

the axes.

To ecalculate the displacement

— SR ?

vector we notice that s = AO +
—— e — )
OB = OB - OA i #

— N N &

s =B-11+(3-0] i

A A O hot
=21 +3} A (1,00 X

Applying the definition of work, Fig. (61)

noticing that the given force Is
constant
.
W = Fpg@s
A A A A
= (Bi-3)lpi+3])
= 5x 24+ (-3) x (3) = 1 unit of work.
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Rule :
If two subsequent displacements occur to a body under the
action of a force. then the work done during the resultant

displacement is equal to the sum of the work done during each of the

two displacements.

Proof :
Let W, . W, be the

=l

work done during the two
— ——1
displacements s, . 3,

respectively, W the work

done during the resultant

; ’ 1 1
displacement Fig. (62) A _g B = o
From the definition ’ =2
= =~ -_— >
W,: FOS' ‘w2= Fes'l ﬁg.(GZ)

If the hody moves from A to B during the first displacement and from
B to C during the following displacement, then the résultant
displacement means the motion from A to C which corresponds to a

— 1
displacement (s, + s,).

- g— ——n e D
Oy W = F@(S‘ + 5,2)': FOSl + F@s:
= W, +W, QED.
We notice that the rule is valid also for any finite number of

consecutive displacements,
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A particle moves in a straight line from position A to a new
position B, then 1t returns to its original position. Apply the previous

rule to show that the total work done is equal to zero.

Solution :

Let W, , W, be the work done during the displacement from A to

B, and from B to A respectively by the force ?

PO, S N b —

W, = IF ey AB W, = Fg BA
) a— B
W, +W, = FpAB + Fpla

— —— et

FolAB + BAJ
=D - e

= FoO =0

Figure (63) shows. how to calculate the two works W, , W, using
-

relation (2) for calculating the scalar product to the two vectors F |
—— = —
s. 8;, 0, denote the measures of the angles betwen F and AB and

—
BA respectively durning the two displacements.

G G
)
Yy i A z B
A B
Displacement from A to B Displacement from B to A
e
W, =11 F |1 xAB x cos 8, W,=11F1l xAB xcosg,
=11 Fllx ABx cos (180-9)
Fig. (63-a) - - Wi
Fig. (63-b)
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If the force is parailel to the displacement, we can express each
of these two vectors in terms of its algebraic measure relative to a
o
unit vector ¢ as follows.
— . ~
C

~
F=Fe¢ « § =:8

Thus the work is ealculated as follows

- = ~ A
W = Fas=Felplsc)
-~ ~N
= FS((‘@C)
-~ ~
(e ec)l=1

W=Fs (3)
This relation expresses that "if the force vector is parallel to the
displacement vector then the work done is equal the product of their

algebraic measures”.

Unit of measure of work :
From the definition we deduce directly that
Unit of measure of work

= unit of measure of magnitude of force x unit of length

The newton. metre (newton . metre) :
The newton. metre is deflned as the magnitude of work done by
a force of magnitude one newton in moving a body a distance one

metre in its direction,
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If we take F = 1 newton
5 = ] metre
8 = 0 in relation {2}
We get
| newton metre = | newton x | metre

The unit of newton . metre is called the joule.

Kilogram-metre. (Kg.wt.m.) :

The kilogram. metre is defined as the magnitude of the work
done by a force of magnitude one kilogram weight in moving a bedy a
distance one metre in its direction,

If we take F = 1 kg, wA, s§=1m,

# = 0 in relation {2)

We get

| kg.wtm. = ] kgawt. x 1 metre.

Erg.

The erg is defined as the magnitude of the work done by a force
of magnitude one dyne in moving a body a distance one centimetre in
its direction.

If we take F = 1 dyne.

s= 1 cm,

8 = 0 In relation (2), we get
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|l erg = | dyne x 1 centimetre
Here are the rules for transferring between different units of
work |
| kg.wt.m, = | kg.wt, x | metre = 9.8 newton x 1 meire
= 9.8 newton . metre (or joule).
I newton . metre or joule = 1 newton x | metre
= 10° dyne x 10% em. = 107 dyne. cm.

107 ergs.

Example (3) :

A man whose mass is 80 kg ascends an inclined plane of
inclination 30" and of length 100m. Find the work done by his

weight.

Applying relation (2).
noticing that
F=mg=80kgwt.

s =100 m, 6 = 1207

Fig. (64)
W = 80 x 100 x cos 120° ——
i 80 Kgowt
= 80x100 x (-1/2) v
= - 4000 kg wt. m, 80 kg. wt
Fig. (64)
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Example (4) ;

A particle moves in a straight line. A resistance force of
magnitude 100 newtons acts on it. Find the work done by this force

during a displacement of magnitude 300 metres.

Since the force is a force
of resistance, then It acts in an
opposite direction to the
displacement vector, and if ::\
is a unit vector in the

direction of the displacement,

we can cxpress cach of the o
——
displacement and force =5
L F =
veetors in terms of their ® —
algebraic measures.
Fig. (65)

- e — ~

s=s¢c , F=Fc

In our case s = 300 m, F = -100 newtons.
Fig. (65).

W = Fx.8

{-100) x {300) = -3 x10? newton metre.

-3 x10" joules:
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Example (5) :

A particle of mass m moves on the line of greatest slope of a
plane whose Inclination to the horfzontal is 6, Find the work done by
the weight when the particie s ;

1. ascending the plance 2. descending the plane

Saolution @

Let g be the magnitude of
the gravitational acceleration.
The weight.is a force of
magnitude mg acting vertically
downwards. Resclve this force
in two perpeéndicular directions,
one of them is parallel to the
line of greatest slope, and the
second perpendicular to it and
in the vertical plane passing

through the line of greatest

slope, as in Fig. (66),
Fig. (66)

The component of the weight force in the first direction is of

magnitude (m g sin 8) parallel to a line of greatest slope downwards.

The component of the weight force in the second direction is of
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magnitude (m g sin 8) perpendicular to a line of greatest slope and 10
the inside of the plane.
-— — s
If F is the weight force, F;, , Fy; the two components
mentioned above, then
— — —
Consider the motion of the particle along a line of greatest slope,
—
and let s be its vector displacement. The work done by the weight is:
> - —— — —
W = Fgs =I(F, +Fes
—_— —
= F,@s + Figs
— — —
but F; . 8 = 0 since the component ¥, is perpendicular to the
displacement vector.
—> -
W=F, . s
i.¢. the work done by the weight force is equal to the work done by
the component parallel to the line of greatest slope.

Now consider the two cases of ascending and descending.
1. I the particle is ascending:
Consider a unit vector 3
parallel to a line of greatest
slope, and directed upwards as
in Fig. (67). We can express

e ———
each of the vectors s , F, in

terms of its algebraic measure

0>

as follows :

-— A e £X
s=Lec¢, F, =-(mgsin@) c Fig. (67)
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-~ ~
W =Lc¢ glmgsing) c
-~ ~
=-mgLsint(cpc)
= - mgL sin 0.
2. If the particle is descending :

o
Consider a unit vector ¢

parallel to a line of greatest slope and directed downwards, as in Fig.

(68), S
A

In this case : C

—

N m— N
s =L ¢, ,F =(mgsinb) c
wzl.go(mgsine) A
~ -~
= mglsin® {cnc) -

= mglsin® e

Fig. (68)
Example (6) :

A body of mass 2kg. i§ projected with velocity 1.4m/sec. Upwards
along the line of greatest slope of a smooth inclined plane whose

inctination to the horizontal is 8°where sin @ = 3% , Find the work done

by the body until it comes to rest.

Solution :

The body moves upwards by a uniform retardation = g sin 8
ie.a=-98x ;)-l§ = . 0.1 m/sec?

’ V2 - v02+238
o= (1.42-2x0.1xs
'
. (1.4)
0.2

=9.8m
Thework = -mgsinfxs

=-2x9.8x -9% % 9.8 Fig. (69)
=+ 1.96 newtons .m
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1. A particle moves in a straight line from the point A = (-1. -2} to

— A l A
the point BSl, - 3)under the action of a force F = - i- = [

the resolution being referred to two perpendicular
A A
directions OX . OX and 1 . j are unit vectors in these two

directions.

Calculate the work done by this force,
2. A particle moves from the origin O = (0 . 0] to the point A = (2, 0)
along a straignt ling, then to the point B = (7.2} on a straight line

— A
also under the action of a force F = -4 i, Calculate the work

done by this force during each of these two displacements, then
prove that the sum of the two works is equal to the work done
along the resultant displacement.

3. A tram car ts pulled by a horizontal rope inclined at an angle of
60" 1o the wraun’s track, and it moved a distance of 15m. If the
tension n the rope is equal o 150 kg.wt, find the work done by
the tension force measured in ergs.

4. A man ascends a straight road inclined at an angle of 30" to the
horizontal, he moved a distance 300m, then returned to the
starting point. Find the work done by its weight throughout the
whole joumey. If the resistance force to the motion of the man is
equal to 2kg.wt during his motion, find the work done by this

force during the whole journey.

— L A
5 Aforce F =2 | + 3 | acts on a particle so that its position vector
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6,

10,

11.

298

l_{ = [t + B) T v (% + 4) ; where T 3\ are two perpendicular unit
vectors, F measured in newtons, distance in cm. Calculate the
work done by this force between t = 1, t = 5.

A particle moves upwards along a line of greatest : slope of a plane
inclined at an angle 30 to the horizontal a distance 400cm under
the action of a force of magnitude 40 newtons in the vertical
plane passing through the line of greatest slope and inclined to

the horizontal at an angle 60" upwards. Find the work done.

A body of mass 2 kg is placed on a smooth inclined plane whose
inclination to the horizontal is 30'. Find the work done by its
weight when the body moves a distance 5 m along the line of
greatest slope, measured In joules.

A particle moves in a straight line under the action of force of
magnitude 400 dynes acting in the direction of motion. Find the
work done by this force during a displacement of magnitude 300
cm.

Find thw work done by the weight when a body of mass 4 tons is
raised up words a distance of 12 metres.

Find the work done when a mass of magnitude 100 gm moves a

distance of 150 em with an aceelration of magnitude 5 cm/seez‘

A car of mass 6 tons ascends a slope making an angle of sin 1(1) 5"
with the horizontal, the resistance Is 10 kg.wt per ton of mass of
the car, its velocity amounted to 63 km./h after 12—;- seconds.
Find the work done in this interval:

I. by the engine force,

ii. by resistances.
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iii. by the weight of the car.
iv. against the weight of the car.

12. A body of mass 100 gm Is placed at the top of a rough inclined
plane whose height is one metre. If the body slides down [rom
rest and reached the bottom of the plane with velocity 180

m/sec, find the work done against [riction.

13. A body of mass 14kg moves from rest on a horizontal road under

the effect of a force F of magnitude 0.95 kg.wt and inclined to the
horizontal by an angle 60

resistance of magnitude 0.95 kg.wt, find in joules the work done
through the first minute by each of _tl;e following forces :
1) The weight of the body 2) F 3) The resistance

Power

Usuauy when a force da work along a certain path, Le. during o
certain interval of time, this work is not done regularly, which means
that it is not necessary that the force does equal amounts of work
during equal intervals of time. Therfore it Is very important to ask

about the "time rate of doing work by this force”.
Definttion

“Power is the time rate of doing work”.

This definttion can he fromulated also in the following :

"Power is the work done in unit time”.

Since the time rate of doing work Is given by the derivative the

work function with respect to the time. therfore:”
Power = d ‘:’

(1)
In what follows we will be concerned with the study of the

motion of a particle in a straight line, and we will assume that the
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Thus it ‘is possible to express the displacement, velocily and
force vectors in terms of their algebraci measures relative to a unit

vector ¢ parallel to the straight line on which motion occurs |
- ~ — N - Eas
let s =8¢ .v=ye ., F=Fe¢
W=Fs
d "
A A\Y = - \
Power 7 (Fs)

but F is constant (since the force vector is constant by
assumption) and thus can be taken out, therefore.

Power =F 9&

dt
Since —(-’-;1 = v = aldebride measure to velocity vector
- Power=F v (2)
i.e. "Power is equal (o the product of the algebraic measures of

force and veloeity vectors”.

Relatlon (2] shows that power (s a scalar quantity to be

determined at any instant if given the velocity and force vectors (or
thewr algebraic measures) at this instant, and its value gives the time
rate of doing work.
N.B.

The student has to notice that pewer is determined al an
instant, while work is always calculated between two Instants.

Units of measure of power :

Since power is the time rate of doing work, therefore

) unit of measure of work
Unit of measure of power = ‘ =
unit of measure of time

00 EEUEEI

Dar Makka El Mokarama for Printing and Publishing



Chapter Four : Work - Power - Energy

We can also determine the unit of measure of power according to
relation (2) as follows :

Unit of measure of power = unit of measure of force

x unit of measure of velocity
Newton, metre / second (newton. m/sec)

Newton, metre / second is defined as the power of a foree doing
work at a constant time rate of magnitude newton metre every
second.

newton. metre / second is called the watt.

Kilogram. metre / second (kg. wi.m/scc.

Kilogram. metre / second is defined as the power of a force
doing work at a constant time rate of magnitude one kilogram. metre

every second.

Erg/second (erg/sec) : It is defined as the power of a force doing
work at a constant time rate of magnitude one erg every second.
Here are the rules for transferring between different units of
power.
1 kg. wt. m/sec’ = 9.8 newton. m/sec.
1 newton. m/sec = 1 wait = 10° erg/sec.
There are also other units of power such as kilowatt. hourse
1 kilowatt = 1000 watt = 1000 newton. metre / second
10 erg/sec.
l hourse = 75 kg wt.m/sec: = 75 x 9.8 newton. m/sec.

= 735 newton. metre / second {or watt,) = 0.735 kilowatt.
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Example (1) :

A train of mass 200 tons and the power of its engine is 400
horses moves in a straight line on a horizontal ground with maximum
velocity of magnitude 54 km/h. Find the magnitude of the road
resistance to its motion ‘and the magnitude of resistance per ton of

its mass.

Solution :

~
Chose a unit vector ¢in the

direction of motion of the train. 3
i.e. in direction of force .

R F
generated by the motor. Twe - >

forces act horizontally on the
train : Fig. (70)

i- The force generated by the motor and its direction is the
direction of motion. i.e. in drection of /c\ let F be the magnitude of
this force which is also its algebraic measure relative to the unit
vector 3

li- The force of resistance to the motion of the train which is due to
the contact between the wheels of the train and the rails, air
resistance, which we call “"road resistance to motion" and this force
ls directed opposite to the direction of motion, let R be its

magnitude.
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Since the (rain Is moving uniformly (magnitude of velocity

constant and equal to maximum velocity).
“R=F

We can determine the value of F since we are given the power as
follows :

First wé express the power in units of kg. wt.m/sec.

Power = 400 horses = 400 x 75 = 30000 kg. wt. m/sec,

The magnitude of the velocity vector (which is equal to ils

algebraic measure at the same time} is

v = 54 km/h
4 o e
= 54 x T 15 m/see,
Power = 'Fy
Power 30000
1D = = = o
= 5 2000 kg.wt

Magnitude of resistance = R = F = 2000 kg.wt.

Magnitude of resistance per ton of mass of train

magnitudc of resistance
mass of train

= 10 kg, wt,

2000
200

Example (2) :

A car of mass 1710 kg, the power of its motor is 12 horses, is
moving along a horizontal straight road with its maximum velocity of

magnilude 72 kg/h. what s (he maximum velocity with which this
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car could ascend a straight road inclined at an angle of mesure « to
the horizontal so that sin a = Tla given that the resistance is the

same on Lhe two roads 7

Solution

l. Maotion on the horizontal road :
Let F be the magnitude of the force generated by the motor of
the car on the horizontal road. R the magnitude of the resistance

oree of the road to the motion.

Since the motion is uniform s R=F
Power = 12 horses = 12 x 756 = 900 kg. wt. m/sec;
v = 72 kin/h, =72 Tsé‘ = 20 m/sec.

_ Power _ 300 _
F = —— =5 =45 kg.wt.

2. Motion on the Inclined road

Let a be the angle of inclinao
the horizontal. Choose a unit
vector g in the direction of

motion as in fig. (71),

Let F| be the magnitude of

the force generated by the motor

of the caron the inclined road Fig. (71)
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fwhich is equal to Its algebraic measure at the same time). R, equal to
the algebraic measure of the velocity vector.
The resistance is composed of
i- resistance force of the road and is equal to 45 kg. wt,
ti- component of the weight force acting in a direction opposite to
the direction of motion and of magnitude.
m g sin - l?le—i%=l7lkg.wt.
Ry = 45+ 171 =216 kg. wt,
Since the motion is uniform
F = R, =216 kg wt,
But the power of the motor is the same as in the case of motion

on the horizontal road.

power = F,v,; = 900 kg. wt. m/sec.
- power _ 900 - 25
Vi ) 516 = 8 m/sec.
25

. 18 _
= x5 =15km/h.

Example (3) :

An ac¢roplane flies in a horizontal path under the action of a
resistance proportional to the square of its speed. If the magnitude of
the resistance is 600 kg. wt when its velocity is 200 km/h and the
maximum Speed of the aeroplane is 300 km/h, find the power of its

engine measured in horses.
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Let Ry . Ry be the magnitudes of the resistance forces when the
speeds are 200 . 300 km/h respectively k {s the constant ol
proportionality betwesn the magnitude of the resistance and the
square of the speed.

R, = ki(200)*

R, = k(300

Ry _(300)% 19
R, (2000% 4
butR, =-600kg. -~ Ry =9x 600 = 1350 kg. wt.

R, is the magnitude of the force generated by the engine at

maximum speed.

..5...-. 2—‘5-2 my/sec.

Maxi =V =300 -
mum speed 300 x T 3

Power = F x v = 1350 x 3:";3 kg wt. m/sec.

1350 % 250
3x75

= 1500 horses

Example (4) :
A car of mass 6 tons is mowving with maximum velocity of

magnitude 27 km/h wp an inclined road whose inclination o the
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horizontal is an angle whose sine Is . The car then returned with

1
100
its maximum velocity of magnitude 135 km/h: Find the force of

resistance of the road if it does not change all time, then find the

power of the motor.

Solation :

First : In the ease when the car is ascending :
Let ¢ he a unit vector in the
direction ol motion, o the angle of
inclination of the rcad to the
horizontal. F is the magnitude of F
the force generated by the motor,

when the car is moving up the

plane and Is equal to the algebraic '
mg sin &

measure of this lorce at the same

Lime.

R the magnitude of the road
. . S . Fig. (72)
resistance 1o motion, as in fig. (72)

The total resistance lorce is composed of the resistance of the

road and the component of weight force, which is in a direction

opposite 1o the cirection of motion and of magnitude m g sin o =

6000 g x = B0 kg wL

1
100
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Since the motion is tniform
Fi = R=+80

The magnitude of the velocity (which is equal to the algebraic
measure of the veloity vector) is

v, =27 x5 m/sec.

The power of the motor = F; v; =R + 60) x 27 x %

kg wt. m/sec.

Scecond | In the case when the car is descending :

Al
Let ¢ be a unit vector in the

¢
direction of motion, ¢t Fy be the /

2

magnitude of the force

generated by the motor during g sin «

the motion downwards (which is

cqual 1o the algebrai¢c measure of
this force) as in fig. (73), Fig. (73)

Notice that the component of the weight parallel to the plane
will be in the diréction of motion, i.¢. it Is in the same direction as
the force generated by the motor. Since the motion is uniform.

I, + 60 = R F, = R-80

The magnitude of the velocity (which is equal to the algebraic

measure of the velocity vector) is

v, = 135 km/h = 135 x _1'5§ m/sec,
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ke

The power of the motor = Fy v, = (R-80] x 135 x T

kg wt, m/sec.
Equating the two values of power obtained in cases of ascending

and descending.

(R+60)x27x-?—8=(R-60)xl35x%

R+ B0 =5(R- 60

R = 90 Kg. wt.
Substituting in the relation giving the power, we get
power = (R - 60) x 135 x %

A 5
= l%-bO)xlSSxTé-
= 1125 kg. wt. m/sec.
1125 _ .=
= 7 15 horses.

Example (5):

A car of mass 1 ton moves by a uniform velocity of magnitude 54
km/h on-a horizontal road. If the same car moves up with the same
velocity on inclined plane which makes with horizontal an angle whose

sine equals g% find the increase in the power éngine in horses, given

that the magnitude of the resistance is the same on the road and the
plane.

1* The motion on the road :
F = R where R is the resistance.
The power = Fxv

= RxXS54X Tss = 15 R Kg.whmi/see.
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2 The motion on the inclind plane :
F = R+100x-5'—0=-R+20kg‘wt.

The power = (R + 201 X 15 kg.wt. m/sec.

The increase in the power - ISR+300-15R
‘300 kg.wt. m/sec.

4 horses.
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N

Exercises (4-2)

If the displacemient vector as a function of the time of a particle of

— A 5 2 ~ A A
unit massis s =1t i +(-:2-t -3t} . where i , j are

tow perpendicular unit vectors in the two directions oX . OV
respectively, if the force acting on this particle s -F =3 ? + 4;
find —d?T (FoS)att=3,

Find in kilowatts and in horses the power of a car of mass 2 tons
when it moves with velocity 50 kg/h on a horigontal road, given
that the force of resistance is equivalent to 0.05 of the weight of
the car.

A tram of mass 250 tons is moving on horizontal rails with
uniform veloeity 30 km/h. Find the power ol the train's engine
given that the road resistance i1s equal to 9 kg. wt per ton of its
GELSS,

The power of the engine of a train of mass 200 tons is 300 horses
It the train is moving on horizontal rails, find the maximum
veloeity of the train given that the magnitude of the resistance is
equal ta 0,015 of the train’s weight,

A lorry of mass 4 tons and the power of whose engine is 20

horses is moving up an inclined road whose inclination to the

horizontal an angle of measure 8, where sin 6 = '5% What is the

maximum velocity of the lorry on the road, given that the
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A2

magnitude of the road resistance to the motion is 25 kg. wt for
each ton to the mass of the lorry ?

A train of mass 200 tons is moving along a horizontal road with {ts
maximum velocity of magnitude 90 km/h, the resistance force 10
its motioin being 10 kg. wt for each ton of its mass. If the train
begins to move up a road inclined to the horizontal at an angle of
measurc 8, where sin 6 = -!l—o lind the maximum velocity of the
train on the inclined road, given that the resistance does nol
change.

If the maximum velocity of a bicycle on a horizontal road is 24
km/h. what is the resistance it suffers, given that the power ol
the bicycle's rider is -;- horse, and if the mass of the bicycle and
the rider is 72 kg, what is the maximum velocity with which the
bicycle would go up a road inclined to the horizontal at an angle
whose sine Is 'Tl'é' given that the road resistance does not change.
A locomotive whose power is 400 horses pulls a train with
velocity 72 km/h on a horizontal ground. Find the magnitude of
Lhe resistance per ton of mass of train, If the mass of the train
and locomotive together is 200 tons, find the maximum velocity
with which the tmain would go up a road Inclined to the horizontal

at an angle whose sine s , assuming that the road resistance

1
200
does not chunge
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9. The power of the engines of an aeroplane is 600 horses. The
acroplane flies under the action of a resistance proportional to
the square of its speed. If the maximum velocity of the aéroplane
of 300 km/h, what is the magnitude of the resistance when its
velocity Is 200 km/h ?

10. A lorry of mass 2 tons descends an inclined road whose
inclination to the horizontal is an angle whose sine is 1—10 from
position A to position B with a maximum velocity of 45 km/h.

Find the power of the motor of the lorry given that the road

resistance to its motion is equal 13% of the weight of the lorry,
When the car reaches position B it is loaded with a mass of -;-
ton, then it moved upwards to position A with maximum velocity.
Find this velocity if the ratio of the resistance to the weight
remains constant.

11. A small aeroplane works at the rate of 25000 kg. wt. m/sec when
its velocity is 90 km/h. If the resistance of air to the aeroplane is
proportional to the square of its velocity, find the power exerted
when the aeroplane moves with a velocity of 135 km/h in the
same case.

12. A car of mass 6 tons is moving up a road inclined to the horizontal

1

at an angle of measure 6, where sin 8 = 100" the resistance force

to its motion being 15 kg. wt for each ton of its mass. If the
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maximum velocity of the car {s 27 km/h. calculate the horse power
of the engine and also maximum velocity with which the car would
go down the inclined road assuming that the power and the road

resistance do not change.
13. A car of mass 27 tons moves on a horizontal plane with maximum
velocity 100 km/h, and when {t reached a road whose inclination to

the horizontal is an angle whose sine 5'(—) it began to move down the

road with the same velocity. If the resistance on the two roads is the
same, find the power engine in horses,

KINETIC ENERGY

Definition :

The kinetic energy of particle, denoted by T is defined as the product of
half the mass of the particle times the square of the magnitude of its
velocity. e

M is the mass of the particle, v is its velocity vector. v is the algebraic
measure of this vector, then.

T:-%-m";‘""'a-;-mv’ (1)

- 2 - -
"v" = V@V we can express the kinetic energy as follow :
1 —

T= -§- m (VO V)

From (he above definitio it is clear that the kinetic energy of a
particle is a positive scalar quantity, which vanishes only when the
velocitly vector vanishes.. Also this definifion shows that the kinetic
energy of a particle may change from instant to instant during its

motioin according to the magnitude of its velocity.
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Units of measure of kinetic energy.

From the definition we deduce that :

Unit of measure of Kinetic enery =

unit of measure of mass x (unit of measure of magnitude of
velocity)%.
or in other from :

Unit of measure of kinetic energy

unit of measure of length

unit of measure of massx
unit of measure of time

5 unit of measure of length
unit of measure of time

unit of measure of length
(unit of measure of time) #

% unit of measure of length

unit of measure of mass x

unit bf measure of mass x unit of measure of acceleration
x unit of measure of length

= unit of measure of magnitude of force » unit of measure of length

unit of measnre of work
~  unit of measure of kinetic energy = unit of measure of work.

This shows that kinetic energy has the same nature of work.

As an example, If the mass is measured in kilograms and
magnitude of velocity in m/see then.

Unit of measure of kinetic energy

= kg x e =kgx-—"—’7xm.=newwn.m.

sec sec sec
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If the mass 1s measured in gm and magnitude of velocity in

cm /sec, then.

cm”cm___gm.x m

T % cm,
sec  sec sec

mg x
= dyne x.cm = erg
I.  “metre - Kilogram-second” system (m.k.s))
In this system lengths are measured In metres, masses in
kilograms, thme in seconds.
2. “centimere - gram - second” system (c.g.s.)
In theis system lengths are meéasured in centimetres, masses in

gram. time in seconds,

System | time | mass | velocity | accele | force work or | power

ration Kinetic

energy

mks, |[sec | kg m/sec m/sec2 newton | newton. | newton

metre m/sec

{joule) (watt)

c.g5 sec | gm cm/sec rn/sec:z dyne dyne. em| erg/sec
lerg)

N.B.
When using any of the two above systems, the student has to use

the suitable units of the systemn he chooses.

Example (1) :
A body of mass 1.5 kg is moving with velocity .12 m/sec. Find the

value of its kinetic energy measured in units of newton metre and the

erg.
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Since the mass is measured in kg and the velocity in m/sec,

then the kinetic energy is meéasured in units of newton. metre (or

joule).
T = .%- *x1.5x ll2)2 newton. metre
= 108 newton. metre (or joules)

108 x 107 = 1.08 x 10° ergs

Example (2) :

If the kinetic energy of the shot of a gun at a certain instant is

equal to 22500 joules find, the magnitude of its velocity given that its
1

mass is 5 kg.
L il
g A"
T 5 m
5 99800 = Lwl vy’
9.y
— 7
vl = Y90000 = 300 m/sec.

Example (3) :
A body of mass 250 gm is moving with velocity 2 m/sec. Find its

kinetic energy.
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Solution @

In this example we have either to change the mass to units of
kilogram and we then obtain the kinetic energy measured in units of
newton. metre (or joule) or change the velocity to units of em/sec
and thus obtain the kinetic energy in units of erg.

If we choose the first way, then

m = 250 mg = 0.25 kg
kinctic energy @ T = -;— x 0.25 » (2> =05 joule.
If we choose the second way, then
v = 2 m/sec = 200 cm/sec
T= % x 250 x (200)% = 0.5 x 107 ergs
= 0.5 joule,

It is clear that the two methods are equivalent, as it is expected.

Example (4) :

A body of mass 800 gm is moving with a velocity given by the
relation V= 12 ? +5 ? where ’x\ : ? are two constant perpendicular
unit vectors.,

Find the kinetic energy of this particle given that the magnitude

of the velocity is measured in units of cm/sec.
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Since the mass s measured in units. ol gram and the velocity i

units of cm/see, the kinetic energy will be measured in units of erg.

~> 3 2 #
Ivll = 112)° + (5)° =144 + 25 = 169
S 1
kineticenergy:'!‘---gmﬂ\fﬂ =-é-x800x169
= 67600 ergs

Example (5) :

A body of mass 200 gm is projected wth velocity 200 cm/sce
upwards along a line of greatest slope of a smooth inclined plane
whose inclination 1o the horizonial is 30" Find its Kinetic energy aller
3 seconds lrom the Instant of projection, and the change In lts
Kinctic energy.

Let ? be a wunit vector

parallel to a line of greatest slope

of the plane upwards. fig. (74).

measures [(relative to the unit

Let v,, v, &, be the algebraic direction of acceleration/' 1

vector ’i\) of the initial velocity,

velocity after 3 seconds. and

acceleralion  veclors respectively,

We know that. Fig. (74)
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a = -gsin 30" = -980 x .;— = -490 cm/sec”

Also v, =200 cm/sec

to find v we use the law v=v, + al

v =200 + (-490) x 3 = -1270 ¢m//sec

This shows that the bedy is moving at this instant downwards
(opposite to the direction of theé unit vector ?l.

T = —;- mv? - % (200) x (127012 = 1.6 x 10° ergs

To calculate the change in Kinetic energy, we have to calculate
its mitial kinetic energy,

1

Ty = 5 mv,? = (200) x (200

4 x 10° ergs = 0.04 x 10° ergs

Change in kinetic energy = T - T, = 1.56 x 10% ergs
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Exercises ( 4-3 )

1. Find the kinetic energy of a shot of mass -%- kg and moving with
velocity 300 m/sec.

2. Find the kinetic energy of a body of mass 50 gm and moving with
velocity 20 m/sec.

3. Find the kineti¢c energy of a body of mass 2 kg and moving with
velocity 25 cm/sec.

4. Find the velocity of a car of mass 1.5 tons If (ts kinetic energy Is
equal to 168750 joules,

5. Compare the kinetic energies of a bullet of mass 50 gm moving
with velocity 300 m/sec and a locomotive of mass 48.6 tons and
moving with velocity 1 km/h.

6. A body of mass 200 gm Is moving with velocity V= 30 ? + 40;

where | . ; are two perpendicular unit vectors, the magnitude of

velocity is measured in units of em/sec. Find the kinetic energy of
this body.

7. A shell of mass 3 kg is fired from a gun with velocity - 2.000%

2000 ; where ; . ; ar¢ two perpendicular unit vectors, the

magnitude of the velocity being measured in units of ¢cm/sec.

Find the kinetic energy of the shell at the instant of firing,

A

—
8. A body ts moving with velocity v = 500 ? + 100; where Il\ . J are

two perpendicular unit vectors, the magnitude of the velocity
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9.

10.

11.

12,

v

being measured in units of cm/sec. Find the mass of this body [ its
kinetic energy is equal to 3.9 joules,

A particle of mass 50 gm falls from a point at a height of 10
metres meters from the surface of the earth. Calculate the kinetic
energy of the particle when it is about to hit the ground.

A particle of mass % kg is projected vertically upwards with
veloctly 14.7 m/sce from a point on the earth's surface. Calculauw
the kinetic energy of this particle after:1 second and. after 1.5
second from the instant of projection.

A particle of mass 200 gm starts motion from rest from the top of
a smooth inclined plane whose length is 25 metres and inclined
at an angle whose sine is -l—lo— to the horizontal. Find the kinetic
energy of this particle when it reaches the bottom of the plane.

A particle of mass 5 kg is projected upwards along a line of

greatest slope to a smooth inclined plane whose inclination to the

horizontal is an angle whose sine is -i% with velocity 4 m/sec.
Calculate the change in the kinetic energy of this particle after 1
second from the instant of projection, and when it returns to the

point of projection.

Dar Makka El Mokarama for Printing and Publishing



Chapter Four : Work - Power - Energy

Principle of Work and Energe :

We discussed in the previous articles the concepts of work and

kinetic energy and in what follows we are goin to show the relation

between them in the case of motion of a particle along a straight line.

Consider the motion of a particie along a straight line under the

action of a force F parallel to this line and let

O be the position of the particle at
the nitial instant t = O, A he the
position of the particle at time 1,
W the work done by the forcc—F?
during the motion from O 10 A e
the work done from the start of
motionin to the instant of time L
Let Ty be the mitial Kinetic energy
of the: particle, 1e. its Kinetic
energy at the position O. T the
final kinetic energy of the particle

Le. its kinetic energy

at the position A,

vo

-

(Fig. 75)

Also let € be a unit vector parallel w the straight line along which

motion occurs. v, a the algebraic measures of the velocity and

acceleration vectors at the time instant t respectively.

F the algebraic measure of the force vector relative to the unit vector

¢ . We have
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1 2
T=—
2mv
dT _d _!_ z__l_ d 2
F‘ﬂ‘z““" 53 mdt (v9)
n—;-mx2v_§{-=(m%]xv

= (ina) x v

From Newton's second law ma = F

o d_'l;sl’-‘v

dt
i.e. "The time rate of change of the Kinetic energy of a particle is

equal to the power of the force acting on it".

On the other hand, we know that -3—‘-:— =Fv

comparing this relation with equation (1] we get ;
dT _ dw

———— T e——

di dt

¥l 8
dt
Since the vanishing of the derivative with respect to the time of

Le, (r-wy=0
function (T-W) means that this function takes a constant value at all
instants, then,
T - W = constat (2)
To determine the value of this constant, we consider the value of
the function (T-W] at the initlal instant t = O where T = Ty, W = 0

(the force has not done any work yet)
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v Ty = constant
substituting with the value of the constant in (2)
T-W=T,
or T-Ty=W (3)
The last relation expresses the “Principle of Work and Energy”
which states that
“The change in kinetic energy of particle when moving from an
initial position to a final position is equal to the work done by the
force acting on it during the displacement between these two
positions,”
Notice in using relation (3) that the units of measure of kinetic

energy must be the same units of measure of the work.

Resuit :
If a particle starts motion from a certain position, and It returns
to the same position, then its final kinetic energy is eugal to its initial

kinetic enérgy.

Proof :
Since:the displacement 1s represented by the zero vector. then
the work done ks equal 1o zero ulso:
n T-Tg=0
i.e, T=T, Q.ED.
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N.B.

If we apply this result to the motion of particle projected
vertically upwards under the gravitational acceleration{considered
constant), then the kinetic energy of the particle at any position
during moving upwards is equal to its kinetic energy at the same
positioin during moving downwards, and thus the magitude of the

velocily is the same in both cases,

Example (1) :

Use the law which gives the velocity in terms of the time in 2
uniformly aocelerated motion to find the kinetic energy of the
moving particle, and hence deduce that the time rate of change of its

kinetic energy is equal to the power of the acting force.

In the uniformly accelerated rectilinear motion the velocity is
given as a function of time in the form v = v + at
where t is the time, v, v, a are the algebraic measures of the velocity
vector at time t, the initial velocity vector at t = 0. The acceleration
vector respectively relative to a unit vector parallel to the straight
line on which motion occurs.
1

CTEgm?s .;- m (vp + at)?
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‘“ %’{-zm (Vo + at) xa

=ma x (vo + ay = may

but ma = F, where Fis the algebraic measure of the force vector.
dT

A F v = power of the [oree causing motion,

Example (2) ;

Use the principle of work and energy to find the relation

between velocity and displacement in the case of a vertical projectile

under the action of the constant gravitational acceleration.

Let 8, v, vy, a, F be the algebraic measures of the displacement,

final wvelocity, initial velocity, acceleration, and force vectors

respectively,

Applying relation (1) to the motion between the initial and final

positions :

T’To-’-W

o~ mv? - > mv(,2 =Ps
but F=ma
‘5 v - 5 mv02 =y
multiplying both sides of this equation by -‘-121— we get
v \'02 =2as
Which is the well known reélation between velocity and displacement.
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Example (3) :

A bullet of mass 200 gm is fired with velocity 400 m/sec at a

thick barrier, and it embedded in it st a depth of 20 c¢cm. Find the
magnitude of the resistance force of the barrier’s material to the

motion of the bullet. it this force is considerced constant,

Solution

Let A be the position of
enetrance of the bullet in the

barrier, B the position where it

i1s embedded. -l-{ i1s the force of S >
. . . . D B
resistance measured in units of ¢ R
dyne.
Fig. (76)

We have Ab =20 ¢m,
Since the force of resistance is acting in a directioi opposite to the
of displacement, fig. (76), then the work done by this force will be
negative, and is calculated as follows :
W=-ABxR=-20R
The kinetic energy of the bullet when it enters the barrier
Ti= -;. % 200 x (400 x 100)* = 1.6 % 10'! ergs
(notice the change of velocity to units of cm/see)

The Kinetic energy of the bullet at positions B :
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Ty = O since the bullet is at rest in this position,
Change 1n kinetic energy of bullet :

Tp-Ty = 1.6x 10" crgs
TB‘TA=W
16x 10" =-20R

16x 10¥
20

R = = 8 x 10Y dynes

Example (4) :

A particle of mass 20 kg is let to descend along a line of greatest
siope of a smooth Inclined plane whose inclination to the horizontal
is 30", Using the principle of work and energy find the velocity of the

particle when it has moved a distance of 5 metres.

A
=

~ mg sin 30°
Choose a unit vector ¢ in the

direction of motion and let v he

the algebraic measure of the 3 30°

velocity vector relative to the

it Ve €, © the s Fig. (77)

described. The only force doing work is the compenent of the weight

force parallet to the line of greatest slope on which motion occurs.
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This force is directed down the plane and a magnitude mg sin 30°.
Where m is the mass of the particle g the magnitude of the
gravitional acceleration. fig. (77). The work done by this farce during
the given displacement

W

(mg sin 307) x L

(20x9.8x§l)x,5

490 newton. metre {or Joules)

1 2

—2-mv o=W
-;—xQOxV2=490
v = 49

v =7 m/sec.

and this is the velocity with which the particle moves after it has

described 5 metres from its initial position.

Example (5) :

A body of mass 300 gm is placed at the top of an inclined plane
whoese height is Im. Find the velocity with which the bedy reaches

the bottom of the plane if the work done by the resistance force of

the plane to the motio is equal to 1.59 joules.

Let L be the length of the plane measured in metres, 8 the
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inclination of the plane to the

herizontal. Two forces acting on the
mg sin 6

body in a direction parallel to the

direction of motion, the component

of weight acting in a line of greatést

slope downwards and of magnitude Fig. (78}
mg sin 6 and the resistance force, let its magnitude be R and acting
along a line of greatest slope upwards.

The work done during the motion of the body from the top of

the plane to its base :

W = (mgsing-RIxL

0.3 x98x = -RIxL=03x98-RL
but RL = work done by resistance force

1.59 joules

W =03x98- 159 = 1.35 joules
T - To = W

1 2
— -0=1.35
5 my© -0
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Exercises (4-4 )

1. A particle of mass m is moving in a straight line so that the
algebraic measure of Its velocity vector is given in terms of the
time in the form v = A + Bt + Ct>. Find the kinetic energy of this
particle, and prove that the power of the force causing the motion
at the instant t =0 was equal to m AB.

Use the principle of work and energy to solve the following
exercieses.

2. A body of mass 1 kg is let to fall from a height 10 metres above

the Earth's surface. Find its kinetic energy when it is about to hit

the ground.

3. A particle of mass 200 g is projected vertically upwards from a
position on the ground with velocity 15 m/sec. What is its kinetic

energy when it is at a height of 10.4 metres from the point of

projection 7

4. A body of mass 400 gm is projected vertically downwards from a
position 3 metres above the Earth's furface with velocity 5 m/sec.
Find its intitial kientic energy, and its kinetic energy when it is

about to hit the ground.
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5. A bullet of mass 200 gm is fired with velocity 294 m/sec at a
piece of wood, it is embedded in it at a depth of 20 ¢cm. Find the
resistance force of the wood to the molion of the bullet measured

in units of kg. wt assuming that it is constant.

6. A bullet is fired horizontally with velocity 700 m/sec at a piece of
wood. It is embedded in it a depth of B cm. If a similar bullet is
fired with the same velocity at a fixed target made of the same
wood of thickness 6 cm, what is the velocity with which the
bullet comes out of the target assuming that the resistance is

constant ?

7. A bullet is fired with velocity 300 m/sec at a wooden target and il
is embedded In it a depth of 27 cm. What is the velocity with
which a similar bullet should be fired at a target made of the same
wood and of thickness 3 ¢m so that it is embedded in it, while it

is about to penetrate it, assuming that the resistance is constant ?

8. A body of mass 500 grams moves with the velocity 'ﬁt =3 i + 4;
where i , ? are two perpendicular unit vectors and the magnitude

of the velocity is measured with the unit metre/sec. Determine

the kinetic energy of this body in ergs.
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9.

10.

11.

12.

A bullet is fired from a gun with velocity 800 m/sec at a thick
wooden barrier, it is embedded in it at a depth 8 c¢cm from the
surface if another bullet is fired from the same gun at a barrier
made [rom the same material as the first barrier and of thickness
6 om and it penetrates it. find the velocity of the bullet at the
instant it comes out of the barrier. given that the resistance of

wood to the motion of the bullet is the same in both cases.

A body descends from rest along a line of greatest slope of a
smooth inclined plane whose inclination to the horizontal is an
angle whose tangent is % a distance of 100 metres. Find the

velocity of the bedy at the end of its path.

A body of mass 5 kg is pushed downwards with velocity 20
cm/sec along a line of greatest slope of a smooth inclined plane of
length 400 cm and height 150 cm. Find the kinetic energy of this

body when it reaches the bottom of the plane.

A body of mass 200 gm is placed at the top of an inclined plane
whose height is 1 metre, and it descends until it reaches the

bottom of the plane with velocity 2 m/sec. What is the work done

by the resistance force given that it is constant ?
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13.

14.

15.

A body of mass 200 kg descends from rest along a line of greatest
slope of an inclined plane whose length is 16 metres and whose
height is 5 metres, If the resistance to the motion of the body is
equal to 1/4 of its weight. Find the kinetic energy of the body

when {t reaches the bottom of the plane.

A horizontal force of 10 kg. wt acted for 5 seconds on a body of
mass 20 kg. It moved from rest on a horizontal plane. Find the
velocity of the body at the end of the interval. If it struct a body at
rest, of mass 20 kg to form a body, find their common velocity.

Calculate the kinetic energy lost and explain what happened to

this loss in K.E ?

A force of 5 kg. wt acts on a mass of 196 kg which moves In a
straight line in the direction of the force. It convered a distance
280 cm. Calculate the increase in the kinetic energy in ergs, If
the kinetic energy of the mass at the end of the distance is

1411.2 million ergs Calculate the velocity of the mass at the

nsant in which the force acts.

16. Two spheres of masses 30 gm and 90 gm move on one straight

line on a smooth horizontal table and in two opposite directioins
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17,

18.

with velocites of magnitudes 50 cm/sec and 30 cm/sec
respectively. If the two spheres formed one body after impact,

calculate the velocity of the body and the los kinetic energy by

impact.

A sphere of mass 100 gm falls from a height of 3.6 metres on

horizontal ground, and it collides the ground and rebound
vertically upwards, If the loss in the kinetic energy after collision

by the ground {8 1.96 joules, find the distance which the sphere

rebound after collision.

A hummer of mass 1ton falls from a height of 4.9 metres vertically
on a pole of mass 400 kg, and penetrates it in the ground a
distance of 10 cm. Determine the common velocity of the

hummer and the pole just after impact. Determine also the lost

kinetic energy by impact and the resistance of the ground.
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Potential Energy :

Censider the motion of a particle
along a straght line under the
action of a constant force F
parrallel to this line. let O be the
position of the particlte at the
initial instant t = 0, A its position
at the final instant t, Ty, T the

kientic energies at those two

positios respectively, W the work Zero potentail To T
done by the force F in moving the b 0 A
1
body from position O to pesition A
Fig. (79)
fig, (79)
Definition :

The potential energy of a particle at a certain instant, denoted by

P is defined as the work done by the acting force on the body if it

moved it from jts position at this instant lo a fixed position on the

siralght line on which motion occurs,

To deduce a mathematical expression for the potential energy,
Let us choose a fixed position 0, on the straight line on which motion
occurs, Let P be the potential energy at position A,

B el
From the definition P = Fo O .
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It is clear from the definition of potential energy that :
Potential encrgy at the fixed point O, is zero, thus point O Is
called the “Point of zero potential energy”.
If we change the point of zero potential energy. the potential
energy changes, also, let Py be the potential energy of the
particle at the initial position O.

P,= F 0 AO,

P-P,= F 0 AO, - Fo 00,
=- F 0(00, - A0,)
=3 _i;o(ff): + ATE))=-?0‘O_.E
But ‘.l'-? -61\-) = W s the work done by the force -I? in moving the
particle from the mtitial position O to the final position A,
P-Py=-W
This means that
The change in the poténtial energy of a particle when it moves
from an initial position to a final position is equal to minus the
work done by the force during the motion.
On the other hand, we know that the principle of work and
energy states that :
T-Ty=-W
Comparing the last two relations, we find

T =Tg==(P- Py
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T+P=Ty+PF

Le.

Which is another form of the principle of work and energy. Since
position A is a general position of the particle, then this relatioin
states that @

The sum of the kinetic and potential energies is constant during

motion”.

Unitis of measure of potential energy :
It Is clear that units of measure of potential energy are the same

as the units of measure of work and kinetic energy.

N.B.
When studying the vertical motion of a projectile under the
action of the ocnstant gravitational acceleration, we agree to choose

the point of zero potential energy at the earth's surface.

4 h
Example (1) :
Calculate the potential energy
h Y mg
of a projectile of mass ma moving
vertically under the constant
gravitational acceleration, | v
7777777777777 777777777777777777
O
Fig. (80)
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Let A bea general position of the particle at height h from the,
carth's surface, j # unit vector dertically upwards. Choose the point
of zero potential energy O, at the point of intersection f the vertical

through the projectile and the horizonta! plane of the ground

(Fig.g0),

The force acting on the particle is the weight.

—N -~
F =-mg j, g is the gravitational acceleration

If P is the potential energy at A, then

O, o—.. §
Pe I"OAO|

———_ ~
but AO, =-h

P

(-mg ] igi-h))
l)

mg h
Le. "The potential energy of a vertical projectile at any positioin
is equal to the product of the weight of the particle times the height

of this position above the earth's furface”.

Example (2) ¢

A rocket is projected vertically upwards from a position on the
surface of the earth with velocity 1400 m/sec. It hits a target at t a
height of 2000 metres above the surface of the earth.

What is the velocity of the rocket when the target is destroyed ?
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~ TH I
.

Potential encrgy at the point of

[y

projection ©
Fo=0 + 2000 m
Potential energy at the
position of the target A

¥ =mgh SIIIIIITIII IR TITIIIITIIIIITT
0

Where m is the mass of the

reocket measured in kilograms. g Fig. (81)
the gravitational acceleration measured in units of m/secz. h = 2000

m, According to the principle of work and energy

-;-mv2+l’=—;- mvo2+Po
lmv""v&mg)1=~l- mvpe + 0
2 2

2 Ly

V =\'O -.Zgh

~ (140012 - 2 x 9.8 x 2000 = 19208 x 10°

V ~ 1386 m/sec.

Example (3) :

Find the potential energy of a particle moving along a line of

greatest slope of a smooth Inclined plane whose inclination to the
horizontal is an angle of measure ¢ under the action of the constant

gravitational acceleration,
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Solution @

Let A be a general position of
the particle on the plane. and h
the height of this positio above the
surface of the Earth ¢ a unit
vector parallel to a line of greatest
slope and directed downwards
Choose the point of zero potential
energy at 0O; the point of
‘intersection of the line of greatest
slope of the plane with the

horizontal ground as in fig. (82).

0O,

Fig. (82)

The only force parallel to the directio of motion is the

component of the weight force acting along a line of greatest slope

downwards, and of magnitude mg sin a where g is the gravitational

acceleration, m is the mass of the particle,

— ”~
F = (mgsina) ¢

If P is the potential energy at A, then

R 1
P= FOAO,
— ~
P = (mg sin «) ,c\@‘ L
sin «
~ -~
=mgh leg ¢!
32

) ¢
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P = mgh

The potential energy of a particle moving along a line of
greates slope of a smooth inclined plang al any position is equal to
the product of the weight of the particle times the height of this

positioin above the surface [ the ecarth”

Example (4) :

A body of mass 4 kg. moved up 75 cm along the line of greatest
slope of a smooth inclined plane whose inclination to the horizontal is
an angle of measure 30 . Find the increase in its potential energy in
joules.

Solution :

The increase in the potential energy =
p-p, =mgh0
=4 % 9.8%0.75 sin 30"

= 14.7 joules

Fig. (83)
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Exercises (4-5)

Calculate the potential energy fo a body of mass 450 gm at a
height of 30 metres above the surface of the earth, giving your
answer measured in joules.

Find the potential energy of a body of mass 3 kg at a height of 20
cm above the surface of the Earth, giving your answer measured
in'ergs.

A helicopter whose weight is 3500 kg.wt decends vertically from
a height of 150 metres to a height of 50 metres from the surface
of the Earth. What is the loss in its potential énergy ?

A winch lifts a weight of 150 kg. wt vertically from its position on
the ground to a new position at a height of 6 metres from the
surface of the Earth. What is the increase in the potential energy
of the body-.

. A particle of mass 250 gm descends a distance of 80 ¢m along a
line of greatest slope of a smooth inclined plane whose inclination
to the horizantal is an angle of measure 60°. What is the change in
its kinetic energy 7

A body whose weight is 2 kg, wt ascends a distance of 120 cm
along a line of greatest slope of a smooth inclined plane of
inclination 30" to the horizontal. Calculate the increase in its

potential energy.
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9.

10.

A body of mass 5 kg is placed at a height of 15 metres from the

surface of the ground. Find its potential energy. If it falls

vertically, find its potential energy and kinetic energy when it is 5

metres above the surface of earth.

A simple pendulum consists of a light string of lenght 90 cm

carrying in its end a mass of 75 gm and moves through an angle

120°. Fing :

i) the increase in its potential energy at the end of its motion
than Its potential energy half way of its motion.

ii) the velocity of the mass at half way of its motion.

A body moved under the action of the force '!:} =6 ? + 2 j\ from

the position A to the position B in two minutes. If the position

vector of the body is given by the relation :

?\ =3t +2 ? + 2t +1) f find the change in the potential

energy of the body where the magnitude of ? is measured In

newtons and the magnitude of ? s measured in metres and t in

seconds.

A ring of mass -;— kg slides upon a vertical cylinder pole. If its

velocity is 6.3 metre/sec after it covered a distance of 4.8 metres

from the beginning its motion, calculate-using the principle of

work and energy - the work done by the resistance during the

motion.
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Model Tests




- Model One -

(1) a) Find the resultant of the two parallel forces of magnitude 70 newtons. 30

mwwmwdﬁndmmmmmrlmwofmwiswcmmme
following two cases:

[%%: The two forces in the same direction.

2" The two forces in opposite directions,
[100 newtons 15 em from the first],
[40 newtons 37.5 cm from the first]

b) Define coefficient of friction:

A body of weight w is placed on a plane inclined to thehonzon(al with an
angle 30°, the coefficient of friction between them i m—' Find the magnitude
of the least horizontal force directed towards theplaneand its line action
lies in a vertical plane passing through the line of greatest slope of the plane
and acting on the body and makes it about o slide :

a) down the inclined plane.

b) up-ward the inclined plane.

(Sﬁ-'ﬁw 2V3W+6 )
13 Y 13

(2) %) Ifthe force T =it 57 actatthepointA (63 and hemoment vector

of F about the point B (8 ,-1) equals -2 K find the value of the constant L.,

b) Write the necessary and sufficient conditions for equilibrium of a set of
A uniform rod AB of length L is in equilibrium in a vertical plane such
that its end A rests on a vertical smooth wall, and its other end B rests on
4 horizontal floor and coefficient of friction betsween them is - . If the
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ST 3T , i
measure of the angle of inclination of the rod is given by tan 0 = a5

what is the furthest point from B, on the rod from which a weight is double
that of the rod may be hung such that the rod is about to slip.
[The point at a distance %- L from B]

(3) a) Define : ¢couple

AB is a uniform rod of length 50 cm. and weight 10kg.wt. acts at its
midpoint, it can easily rotate in a vertical plane about a fixed nail at point
A, a couple of norm moment 12kg.wt.cm. in a vertical plane acted on the
rod. In the state of equilibrium of rod. Prove that reaction of the nail at A
equals the weight of the rod find the inclination of the rod to the horizon in
case of equilibrium.

b) AB is a wooden beam of length 20 meters and weight S0.kg.wt. acts at its
midpoint, rests horizontally on the supports one of them is at a distance
2 meters from A and the other is at a distance 5 meters from B. A man of
weight 70kg.wt. moves on the beam from A towards B find:

1) Reactions of two supports when the man stands at A.

2) The maximum distance which the man can move such that
the beam doesn’t over turm,

[R, = 100kg.wt., R, = 20kg.wt., maximum distance = 20 meters]
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(4)a) Inthe oppsite figure : /—\
Two masses Sm, 2m are connected from the ends of a light @/

string passes over a smooth pulley. The system is kept in
equilibrium when the two parts of the string are vertically. If

the system is allowed to mave from rest. Find acceleration

of the system. ind if pressure on the pulley = 112 newtons
find the value of m Sm
[a:4.2m/s‘ec2.m=2kg.]

1
2

v v

b) Find the reaction of a lift in kilogram weight on a person whose mass is 73.5
Kg. in the follwoing cases:
1) If the Iift is at rest.
2) If the lift is moving upwards with a uniform acceleration of
mgnitude 140 c/sec?.
3) If the lift is moving downwards with a uniform acceleration of

magnitude 140cm/sec? [ 73.5, 84, 63kg.wt. |

(5)a) Define : The Power
A car of mass 2 tons, the power of its motor 18 20 horses, Is moving along a
horizontal to the magnitude of the velocity. If the maximum velocity of the
car on the road is 90 kg. m/h. what is the magnitude of the resistance force
for each ton of the mass of the car when it moves with velocity 18 kmvh.
Caleulate the momentum of the car at this veloceity.
| 6kg.wt. / ton, 10000 newton.sec |

b) A particle of mass 200gm is projected along the line of greatest slop of a

smooth inclined plane whose inclintion to the horizontal is an angle whose
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8
sinc is g~ with veloeity 30¢m/sec. Caleulate the change in the ptential
energy of this particle when its velocity becomes 18cm/sec.
[ 57600 ergs |
vt A A
(6) a) A body of mass 2 Kg with displacement vector § = 4% 1 + 3t ] moves
under the action of a force F . Find the work done by the force after two

seconds from the start of motion. knowing that § 1s measured in meters ,F
in Newton and t in seconds.

b) A sphere of mass 290 gm moves along a straight line with velocity of
magnitude 32 cm/sec, collides with another sphere of mass 550 gm at rest
If the two spheres moves as one body after impact,

find: (i) The common velocity of them after impact.
(1) The kinetic energy lost due to impact .

(i11) The needed resistance to make the body comes to rest

after it covers 20 em from the position of impact .
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(1) @) 1f OX , OY are two perpendicular directions. 1, ] are two unit vectors in

these two directions respectively. The force -l? =3%-4 3 acts at the point
A(1,2). Calculate the moment of this force about the point O, and hence
find the length of the perpendicular from O to the line of action of the force,
[~ 10 K. 2 units of length |
b) Define : Angle of friction

‘A body of weight 60 newton rests on a rough horizontal plane. Two forces
of magnitude 20, 40 newton act horizontally on the body. the angle between
their lines of actions = 120°, If the body is in equilibrium, prove that the
angle of friction % is not less than 30%. If & = 45° and the two forces act in
their previous directions and the 40 newtons force remains constant, find the
least value for the other force 1o move the body and determin the direction

of motion, |
((20+20V6 ) newtons)

(2) 4) AB is a uniform rod of length 150cm, and of weight 100 newtons. It rests.
in‘a horizontal position on 1wo supports, one of them A and the other at'a
point C distant 25¢m from B . Find the pressure on each support, and find
the magnitude of the weight that must be suspeneded at B in order that the
rod will be on the point of rotatioin. What is the magnitude of the pressure
on the support at this instant?

[ 40.60 newtons, 200, 300 newtons |
b)ABCD is arectangle in whichAB= '30cm;BC'-40cm Forces of magnitudes

—_— —

12,24, 12, 24 Kg.wt act along BA BC, DC , DA recpectively . Prove.
that this system equivalent to a couple and find magnitude of its moment
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-
hence find two forces acting at A, C and parallel to BD. such that the
system is in equilibrium.
(240 kg wt, 5,5 kg.wt )

(3) a) Two parallel forces having the same direction act at the points A , B of a
rigid body , and their magnitudes are 4 | 7 newtons respectively . If the
force of magnitude 7 newton is transfaved parallel to itself a distunce L to

—
another point on the ray BA prove that the point of action of the resultant
transferes a distance of |—71' 3

b) A uniform ladder rests in a vertical plane with its ends on a horizontal floor
and aginst a vertical wall. The ladder is incilined to the wall with an angle
which its tangent is TﬁT and the coefficient of friction between the ladder
and either the wall or the fioor is —;- . If the man whose weight is three tims
as that of the ladder is ascending it, prove that he cannotl exceed seven-
tenths of the length of the ladder whitout disturbing egilibrium.

.

e A A . ‘ 3 v
(4)a) Aforce F =21+ 3 j acts on a particle 50 its position vector T given at
any instance t by the relation

— A ) 5 & - :
r =(3t2+7) 1+(t+2)),whereFisinnewtons , the distance in meter,

pu—

and the time 1 in seconds . Calculate the work done by the force F from

t=lsector= 3 sec.

b) A car of mass one ton moves with a velocity of magnitude 54 km/h on a
horizontal road. Find the power of the engine if the engine if the resistance
is 30 kg.wt. and if the power of the engine the resistance did not change,
find the constant velocity by which the car ascends an incilined plane of
inclination 6 with the horizontal where sine 6 is 5‘5 -

| 6 hours 20,25 km./h.|

Dar Makka EI Mokarama for Printing and Publishing 353




Model Tests : Model Two

(5) a) A hammer of mass 540 kg falls vertically from a hight of 2.5 meters on @

foundation pole of mass 60 kg. to insert it in the ground a distance of 9 em,
if both the hammer and the pole move after impact as one body . Find the
resistanc of the ground assuming that it is constant.

b) A body of mass 120 gm rests on arough plane inclined 1o the horizontal by an

(6) a)

§ 2 : : .
angle whose tangent is 7~ , The body s connected. by a string which passes

over a smooth pulley fixed at the top of the plane, to a mass of 160gm. If

: o gencci il g .
the coefficient of friction is E and the system starts its motion from rest,
determine the distance traversed in three seconds.
(252 ¢em)

A body of weight % kg fell vertically downward in a well, it reached to
the surface of the water after one second then it penetrated into the water
till it reached 10 its bottom after one Second more . find the change in the
momentum from the instant of reaching the surface of the water till to strikes
its bottom.

b) A body of mass 20 kg is plased on smooth plane inclined at an angle 0

to the horizontal where sin 8 = ":}5 . if a force of 16 kg: wt acted upon
along the line of the greatest slope upwards. Find the magnitude of the
acceleration if the effecting of the force is stopped after 3 seconds from
starting the motion, find the distance covered by the body before it comes
to rest instantoncously.
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(1) &) Four parallel forces having the same direetion and of magnotudes 1. 2, 3,
4 kg:wt. act at the points A, B, C, D respectively which line on the same
straight line which is perpendicular to the lines of actions of the forces. Find
the resultant of these forces given that AB = 30 cm, BC =40 cm , CD =50 cm

[ 10 kg.wt. . 75 cm. from A |

by ABCDEF is a regular hexagon , the length of whose side is 8cm. Forces.

PR~ L. 3

of magnitude 8 , 1,8, 6,5 gmwtactalong AB , DC, BE and FA

respectively.

(1) Prove that the set of forces equivalent 1o a couple and find the magnitude
of its moment.

(if) Find the magnitude and the direction of the two forces which act
perpendicular to AD such that the system m equilibrium.

(2) a) AB is a uniform rod of weight 50 newton, leagth 160 cm. is suspended
by two vertical strings from two points C, D where AC = BD = 40 cm. , 3
weight of magnitude 10 newton is suspended from B, Find the magnitude
of the weght that should be suspended from A to keep the rod horizontally

where the magnitude of the tention at C is twice that at D,
[ 24 newton, T =24 newton |

b) A body of weight 10 newton is placed on an incilined rough plane of angle
whose tangent is -3~ to the horizontal. Find the value of the least and greatest
force which acting on the body about along the line of great slope upwards
to make the body about 10 move ( Gwen that the coefficient of the friction
between the plane and the body equals “)

[5. 11 newtons]
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(3) a) ABCD is a rectangle in which AB =8 ecm , BC = 6 ¢m . Forces of magnitudes

—

12, 10, F, K newtons act along Xi; , CB | EIT) ; :\B recpectively .
If the algebraic sum of the moment of these forces about cach of the two
points C and M vanishes (When M is the center of the rectangle) . Find the
values of Fand K .

40
[5.9N]

b) AB is a uniform ladder of length 520 ¢m and weight 24 kg .wi rests with

its end B aganist a smooth vertical wall and with its end A on a smooth
horizontal plane . The ladder is kept from slipping by a string , one end
of string fixed vertically below B and the other end fixed to one stair at

a distance 130 cm from A. If the end B is at a distance 480 ¢m from the

horizontal plane. find the reaction of the ground at its ends A | B and find

the magniyude of the tension in the string .

VAl

3
[30,7.5, 3

newton |

(4) a) A man of mass 70 kg.wt stand on the floor of a lift , if the lift move downwards

with a uniform raterdation magnitude 49 cm/sec? find the tention of the
rope and the pressure of the man on the floor of the lift.

b) A body was left to slides along an inclined plane which ends by a horizontal

plane with the same rough . if the coefficient of friction equals 7‘," . the
length of inclined plane is 9 meters and the inclined plane inclines by
angle of measure 6 where tan

8= -:" . Find the maximum distance covered by the body on the horizontal
plane befor come 1o rest. given that the velocity of the body does not

change in the two planes.
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(5) a) A body of mass 400 gm is placed on a horizontal smooth table and tied to a
light string passing on a smooth pulley at the edge of table and the other
end of the string is tied to 4 body of mass m gm. If the tension in the string

is 80gm.w, find :

a) The paressyre on the pulley. | 280 V2 gmwt. |
b) The acceleration of the system. | 196 cmisec? |
¢) The value of m. [ 100 gm. |

b) A lorry of mass 2 tons and the power of its motor is 20 horses is moving
alonge a horizontal road with its maximum velocity of magnitude 80 kg/h.
Find the magnitude of the road resistance 1o the motion of the lorry. If this
lorry is loaded with a weight of magnitud 475 kg.wt, and it moves upwards
alonge an mcilined road whose incilination to the horizontal is an angle
of sine ,—!5' what is its maximum velocity alonge this road, given that the
magnitude of the resistsnce of the incilined road is twice the magnitude of
the resistance along the horizontal road.

| 67.5 kg.wt, 18 km/h |

(6) @) A man of weight 72 kg.wt ascends along an inclined road whose inclination
| .
to the horizontal is an angle of sine = and he covered a distance of 100
meters Find the change in the potential energy of this man,

b) A force of magnitude 48 gm.wt acting on a body which placed on a horizontal
plane for interval of certain time at the end of this time interval the body
gains kintic energy of magnitude 18900 gm.wt and the momentum of the
body at this moment equals 176400 gm.cm/sec. Find the mass of the bady
and the resistance of the plane assuming that it is constant. find also the time
of force effect.
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(1) a) Prove that : sum of moments of a set of coplanar forces dct a point with respect
to any point in space equal moment of their resultant about the same point.
Forces -f-’: ) ? ~ -F; ={= 3 2 -15; =31 - 3"3 act at the point A
(1, 1). Find the moment of each force about the origin and hence find the
length of the perpendicular from from the origin to the line of action of the
resultant of these forces,

' . = N Ay

[o,—2K,-5K --]
b) A body of weight 32 kg.wt is about 1o move under its own weight when
‘placed on a rough plane which inclined to the horizontal with an angle whose
tangent . If the body is placed on a horizontal plane which is as rough as.
the inclined plane and is acted on by an upward pull in direction inclined (0
the Horizontal with an angle whose Sirie is —- 50 that the motion i about to
move: Find the magnitude of this force and the normal reaction.

(2) 8) ABCD is an un-uniform rod whose length is 35 em. it rests in a horizonal
postion on two supports B, C wher AB = 6 ¢m. CD'= 7 cm. If a mass of
120 gm in suspended at A or a mass of 180 gm. is suspended at D, the rod
is about to rotate. Find the weight of rod and the distance between its point
of action.and A .
18 cm;, 90 gmwt, |
b) AB is a uniform rod of length 120 ¢m and weight 6 Kg.wt, its end A
is connected to a hinge on & vertical wall , a body of weight 8 kgawt is
suspended from a point on the rod at a distance 30 cm from its end A if the
rod is kept in equilibrium horizontally by means of string , one of end is tied
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to end B of therod and the other end of the string is to a point on the wall
vertically above A | if the string is inclined by angle of measure 307 to the

horizontal find:

(1) the magnitude of the tension in the string.
(it) the magnitude of the reaction of the hinge.

(3) a) A uniform rod of length 100 em and weight 8 Kg.wt is suspended from two
points each of them at a distance 10 em from its ends by two vertical string
stich that the rod in horizontal position. If a weight of magnitude W at a
distance 20 ¢m from the mid of the rod |, find the magnitude of W . Given
that the greatest tension at each string does not exceed 16 kg.wi.

b) ABCD is a trapezium in which AB = 12 em , CD = 6 ¢m ,
DA=8cmand m (L A )=m (£ D) =90 Forces of magnitude 12; 18,
15, 9 newtons act along DA , AB , BC , CD recpectively.

(1) Prove that these forces equivalent a couple.,

(i1) Find norm of its moment,

(4) a) A bullet of mass 12 gm is fired with velocity 21 m/sec. Find the kinetic
energy normally with a vertical wall and it penetrates in it a distance of 6
cm, find the resistance of the wall to the bullet measured in kilogram weight,
assuming that it is constant.

| 2.646 joules , 4.5 kg.wt. |

b) A rough plane is incilined to the horizontal at an angle 30° and is joined at
its top to another rough horizontal plane. A body of mass 60 gm is placed

on the horizontal planc and joined one end of a string which passes through
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a smooth pulley fixed at the common cdge of the two planes. A mass of
100 gm is joind to the other end of the string and 1s placed on the incilined
plane. If both branches of the string are perpendicular to the common edge
find the acceleration of the system and the tenstion in the string given that
the coeificients of frication between the frist body and the horizonal plane

1S —;— and between the body and the incilined second plang 1875 ‘}-; Afthe

string is cut after 4 seconds from the start of motion find the total distance
that the 60 gm. mass moves before coming to rest.

[— 245 cm/sec? , —"‘f—gm.wt. 612 -;_- cm. |

(5) a) Two spheres move along the horizontal st. line in opposite direction and they

collided when the velocity of the first 30 cm/se¢ and the velocity of the

second 50 cm/sec ,s0 that the first sphere rebounds just after impact with

velocity 10 env/sec and the second come to rest . Find the mass of the second

given that the mass of the first is 5 kg .then find the kintic energy lost due

to collision -
[4 kg, 75 joule]

b) A particle of mass 10 units moves from A (2,2) to B (5.6) in direction ;1;
under the action of a force F =2 i+6 j, Find the work done during the
motion and if the particle start its motion from rest find the kinetic energy at B.

£30]

(6) a) A ball of mass 9 gm moves along a straight line inside medium loaded
with dust, such that the dust accumulates on its surface at the rate of
| gm/sec, and the ball dzsplacemem at the end of time interval is given by
53 —(—t 363t +2) C where C is‘@ unit vector in the direction of the motion.
Find the force vector acting on the ball at any instant (t) then calculate its
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magnitude at t = 2 seconds given that the norm of the displacement measured
in em
[ 51 dynes |

b) A train ofmasswo:onsandthepowuofusengmusm horse ascends a
plane inclined ar anangleofm -—2—:—6- 10 the horizontal with maximum
velocity 54 knvh , Find the magnitude of the resistance to the train motion ;
then it moves on a horizontal road . if the resistance in each of the two roads.
is proportion to the magnitude of the velocity of the train .

Find the magnitude of the resistance of the horizontal road and the maximum
velocity on this road.

Dar Makka El Mokarama for Printing and Publishing









Answers of school book Exercises

First : Answers of statics
Chapter (1) : friction
Exercise (1)
(1) 87,70 kg.wt
(2) 0.5 newtons downwards the plane , the body is not about to move
(3) 1.5 newtons, the body is 2 bout 10 move (4) 10, 30 newtons (5) 220 newtons
(6) 10 V3 or 20 V3 newtons (7)V3 Kgwt
(8)5. 10 newtons  (9) 100, 140 newtons (10} proof
(11) first: Skewt actup  second: | kg.wt actdown  (12) first: proof
second: f; =S w and the direction probably inclined to T, by angle of measure 60"

R T T W A N N N T g W, N N g W N W S e e

Chapter (2) moments

Exercise (2- 1)

v %
by

() 100¢m2 . -10em  ()30em ,40em () F -
@ 5 (5 xB) |
67k, 0,0.57% 577, a5 275,127 -30F whew & is 8 unit
vector 5o thit the vectors | 1, § , k | form right hand System
(N47k.235
Exercise (2 - 2)
m-sk. +vw @uk .7
(3) 0, the line of action of the force passes through the origin
(@)1 ()2 -4 (7) zero, 100 V3
@6 %, 14k, 2k, sumof momens=10 &k . R =207 +30 ]
(9) 30, 36, 20 newton.meter (10) 36V3 , 30 V3 newtons.meters
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{11)35Y3, 75 V3 newions.meters (12) BD =1.5¢m

(13) m=24 gmwe, F=2

(14) 570 kg.wi . em

(15) they are equal and each of them = 28000 newton .cm

(16) F =15 newtons

(17) 150 newron. meter , 300 newton directed 10 inside of the square
(18) 126 gm.wi

e N N N N Nl N N N N N NN NN NN N

Chapter (3) : parallel coplanar forces
Exercise (3 < 1)

(1) first : R = 110 newtons and at distance 3.—5|° cm from A

Second : R = 30 newtons ant ar distance Lgo_ em from A
(2) 40 newtons , 10 newtons
(3) 100 newrons and at a distance of 100-em from the other force

400 newtons and at a distance of 25 om from the other force
(4) F = 150 newtons , 119¢cm , F =850 newtons , 21 cm
(5) F =40 newtons, 30 cm
(6) proot (7) proof
(8)20 'kg.wt. at a distance of 12 ecm from A , in direction of the first force  (9) proof
(10) R = 8 newtons acting at B and in direction parallel to the two forces 8 ,10) newtons
(INHAX=163em  (12)F=19 , 8 newtons
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Exercise (3 - 2)

(1) Snewtons , 15 newtons
(2) At a distance of 80¢m from each both sides
(H9%m ,17em  (4) 6, Tnewtons  (5) 40, 10 newtons
(6) 2,05, 1.95 kg.wi. Ata distance 80cm from each both sides
(7)S, 7Tkawt
(8) At a distance of 24 ¢m from the string of greater tension
(94,2, 12 newtons (10) At 3 distance of Scm from B | 20 40 newtons
(11)6,4,15, 25 newtons  (12) 7.5 nowtons at A , 62.5 newtons at B | |5, 85 newtons™
(13) 70 newtons in the string , 10 newtons on the support, 20, 10 newions
(14) first : 433 gm.wi second: w =600 gm.wi.
(15) 60 cm from A , 24 gmuwt.  (16) The weight of the roof = 1 Sgm.wt.
(17) T=950 gmwt. ,R'= 100 gmwt. T=1283 4 gmwt and w =233+ gm.wt
REe W N S . . . e e e W L W W T OV O T U S e

Chapter(4) General Equilibrium

Exercise (4- 1)

5w, +w,2w
(2) At & distance from A equals — the léngth of the ladder
(3) Proof (4) 10,5 ,40.5 kg.wi
(5) 5, 3V2 newtons in the direction inclined to the horizontal by angle of measure 457
(6) 40 , 20 V3 newtons along AB
(7)200, 100 V7 newlons in direction inclined to the horizontal by angle whose tangent

F V3
(8)tan 0= = (9) proof (10) = 5L, 15Y3 newtons
(11) 47w (12tm@= 75  (13)60newtons  (14) Proof
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Chapter(5) : Counples
Exercise (5- 1)
(1)In a the moment of the two couples is 12000, -12000 units of moment (in
equilibriom),
In b the moment of the two couples is 1500, -1500 units of moment (in
equilibriom),
In ¢ the moment of the two couplesis 1800, -1400 units of moment (not in
equilibriom),
@ Fx7ex 60=2%x50 =F=Zkgwm
(3) 125 newtons:
(4) 2.4 kg.wt | 30" or 150" with the vertical
(5) 12 newtons
(6) 300 gm.wt , 45°
(7) 1500 newton.cm
(8) 30" with the horizonuwl , 907 with the horizontal

Exercise (5-2)

(1) 120 kg.wrem (2) 45 L approximately

(3) 1040 kg.wi.cm (4) 300 V3 newton.cm

(5)3 gmwt (6) 10 V3 kgiwt.em

(7) 210 newton.cm 7‘2/—2- le in direction CA . AC

(8) 6., 6 newion (9) 3V3 gm.wtem

(10) 900 V3 gnuwr.em (11) 300 ¥7 newton.cm

{12) 648 newton.cm (13) 84 newton.cm ., 5 newton

(14) 972 newton.cm , 135 , 135 newton
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Second : Answers of dynamics
Chapter (1) Newton laws of motion

Exercise(1-1)

(1) 20 seconds (2)25 seconds (3)0.5 % 10° gm.m/sec  (4) 4800 gm.m/sec
(5)=7.13% 10" gman/sec  (6) 840 gm.misec (7)) 21000 gm.mv/sec

(8) 10 misec (9) 300 kg misec 316,67 kg misee’ (10) proof
Exercise (1-2)

(d . f (2) 150 gmwa (3) 95 gm.wt

(4) 30 VT kgt (5) 135 kgwt 6 3mi 4m]

(7)30 kmvh (8)75 km/h

(9) M =400 gm:wt in the opposite direction of F i.c its line of action inclines to the

two string by @n angle of measure 120°

Exercise(1-3)

(D2 = 1+57, 8a=Y% (A=0,B=5 () A=-2, B=1

(4) 2 metre/sec in direction making 54° with the horizontal, lkg.wt vertically downward
(5) 2.5 m/sec?, S0V3 + 196 newtons  (6) 12.25 misec® (7 4.08 m/sec approximately
(8) 104 newtons (9) 60 dynes (10) 24.5 metres

(11) 800 kg.wt (12) 402 kg.wt (13) 210 mg.wt, - sec

(14) 4730 kg.wt, 0.1973 m/sec® |, 18.75 minutes

(15) 70 cm/sec?, 40 m, 525m (16)a=4andb=6

Exercise( 1-4)
(1) 588, 690 , 420 newtons (2)2,22 , 1.8kgwt (3)63kg

(4) 1.96 m/sec® downwards
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(5) Descending with acceleration of magnitude 80 enmv/sec?

(6) 14 kg , 140 emvsec? |, 17 kg.wt. (7)1kg , 215.6 cm/sec?

(8) 250 V3 gm.wt. 490 emvsec?  (9) 500 V3 gmiwt ; 510 em/sec?

(10)1.5 kg.wt . 245 V3 em/sec? downward along the line of the greatest slope
(1)1 sec  (12) 392 em/see? |, 522 + em  (13)5 kgwitton

(14)5 3 kgwoton , 0.0049 misec?  (15) 14V misec

R N N N e e i i i i i T ST N e R e N N

Chapter (2)
Applications of newton's law- Motion ona reugh plane
Exercise (2-1)
(1) 4.2 m/sec?, 5.6 newtons:  (2) 20 cmisec? |, 2.4 x 10% dynes , 20 cm
(B)60cmisec (4o misec?, 2 misec
(5) 42 mssec? | Y, =i 12 pewtons , Y, = 94.08 newtons
(6) 20 c/sec? | 19200 dynes , 19200 V2 dynes
(7) 1.8 misec? | 3 misec
(8)3-% mésec? . 3.136 newions . %%L = 3.2 newtons
(9) proof  (10) 245 m/sec? . 14.7 newtons , 14.7 V3 newtons
(11) 1225 cmisec , 22050 dynes , 22050 V3 dynes
(12) 98 em/sec? |, 2see

(13) L4 mysec? | 25.2 V7 newtons , 180 ¢cm (14) proof  (15) 70 gm

Exercise(2-2)
(Ia=0 (2) 245 co/sec’ | 22,05 gm ot
(3) 140 cmfsec |, 3430¢m (4) 15 cm

(5) first : 4.2 V10 m/sec , second ; 2.8 V15 m/sec
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Answers of school book Exercises

(6) 4.2 misec , 24 sec (7)yproof  (8) 245 cm/sec

(9) 70 cmisec , Sem (10) 378 cm

(1)70gm . S emisec’ . Sh- gmwt

(12) 210 emv/sec® the body reaches to the pulley

(13) 61.25 omsec® , 1875 gmwt , 612.5em  (14) 2 cmisec’

Nt Nt Nt N Nl Nl Nl Nl Nl Nl ol Nt Nt Nt Nl Nt Nl Nt
Chapter (3): Tmpulse and collision

Exercise (3-1)
(1)294 % 10* dynesec , 100tonwt.  (2)56 newtons  (3) -2 kgmisec
(4) (.12 newiton . sec. (5) 20 em/sec

(6) 7Tm /sec in the same direction | (.25 newton.sec

(7) 1.5 m/sec in the opposite direction , 0.25 newion . se¢

(8) 2000 dyne . sec  (9) 2.4 m/sec in direction of the second body  (10) 11m/sec
02) % emisee  (13) 1 misee inan opposite direction 1o that of its irst velocity
(14) 71 = kgwi (15) 4030 dynes (16) 2250 dynés

(1730 se¢ |, 96 emlsec, Ssee  (18) 1 second (19) 177.8 newtons

R e T el i el el i e i il i o N
Chapter (4): Work -Power - Energy

Exercise (4-1)
(1)-1.5 (2) 8 . zero (3) = 11 x 10" ergs
(4) zero ,-1200 kewtm (5 80 newton .m (6)80 V3 joules
(7) 49 joules (8) 12105 ergs (9) 48000 kg . w1.m
(10) 75000 ergs (11) 106875 kgowrm , 6562.5kg.wium , 6562.5kg.wi.m
(12) 0.53 joule (13)0, 617. 4 joules, and -386.53 joules
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Answers of school book Exercises

Exercise (4-2)

(151 (2) 13.61 kwaus = 18.52 horses (3) 250 horses

(4) 27 knvh (5)18kmvh  (6) = R.18 km/h (7) 8 km/h

(8) 1500 kg.wr , 43.2 knv'h (9) 240 kg.wt (10) 10 horses , == 4.7 km/h
(11) 1125 horses (12) 15 horses , 135 km/h (13) 50 horses

Exercise (4-3)
(1)11250 newton.metre  (2) 10 ergs (3) 625000 ergs (4) 54 km/h

(5) 2250 joules (6) 25 % 10%ergs  (7) 1200 joules (8) 300 gm
(9) 4.9 newton.metre (10) = 6 joules. (11) 4.9 joules (12) -17.2 joules , zero

Exercise (4-4)
(2) 98 joules (3) =2 joules (4) 5 joules , 16,76 joules  (5) 4410 kg.wt
(6) 350 m/sec (7)100 m/sec (8) 6.25 x 107 ergs (9) 400 m/sec
(10) =34 misec  (11) 735joules  (12) 1.56 joules (13) 1960 joules
(14)24.5 mésec , 1225 misec  (15) 1372 % 10Pergs , 20 cm/Sec , 153 + ke/m
(16} 10 em/sec , 72000 ergs. (17) L.6 metres

(18) 7 metressec , 13720 joules , 36400 kg.wi
Exercise (4-5)
(1)1323 joules  (2)5.88 % 107ergs  (3) 3.5% 105kg.wim or 345 % 100 joules
(4) 900 kg.wt.m , 8820 joules (5) = -1.69 % 107 ergs
(6) 1.2 kg.wtm = 1.176 joules (7) 7550 kg.wt.m
(8) 3375 gm.wt.cm , 210 V2 emi/sec (9) -88 joules
(10) 13.5975 joule
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